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The general feature of most methods for the integration of partial diflPerential 
equations in two independent variables is, in some form or other, the construction 
of a set of subsidiary equations in only a single independent variable ; and this 
applies to all orders. In particular, for the first order in any number of variables 
(not merely in two), the subsidiary system is a sefc of ordinary equations in a single 
independent variable, containing as many equations as dependent variables to be 
determined by that subsidiaiy system. For equations of the second order which 
possess an intermediary integral, the best methods (that is, the most effective as giving 
tests of existence) are those of Boole, modified and developed by Imschenetsky, and 
that of GouRSAT, initially based upon the theory of characteristics, but subsequently 
brought into the form of Jacobian systems of simultaneous partial equations of the 
first order. These methods are exceptions to the foregoing general statement. But 
lor equations of the second order or of higher orders, which involve two independent 
variables and in no case possess an intermediary integral, the most general methods 
are that of Ampebe and that of Darboux, with such modifications and reconstruction as 
have been introduced by other writers ; and though in these developments partial dif- 
ferential equations of the first order are introduced, still initially tlie subsidiary system 
is in effect a system with one independent variable expressed and the other, suppressed 
during the integration, playing a parametric part. In otlier words, the subsidiary 
system practically hos one independent variable fewer than the original equation. 

In anotlier paper'^' I have given a method for dealing with partial differential 
equations of the second order in three variables when they possess an intermediary 
integral ; and references will there be found to other writers upon the subject. My 
aim in the present paper has been to obtain a method, for partial differential equations 
of the second order in three variables when, in general, they possess no intermediary 
integral. The natural generalisation of the idea in Darboxjx's method has been 

^ '^ Partial Differential Equations of the Second Order, involving Three Independent Variables and 
possessing an Intermediary Integral," Oamb. Pbil Trans., vol. xvi., 1898, pp. 191-218. 
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adopted, viz., the construction of subsidiary equations in which the number of* 
expressed independent variables is less by unity than the number in the original 
equation ; consequently the number is two. The subsidiary equations thus are a 
set of simultaneous partial differential equations in two independent variables and 
a number of dependent variables. 

It then appears that such differential equations of the second order having no 
intermediary integral divide themselves into two classes, discriminated by the 
distinction that, for the one class, what 1 have called the characteristic invariant, viz. : 

,aE , aF , ,aF aF aF . aF 

jr ~^- + pq -7^"- + (r -^7 — p 7.- — a 7.7. + -^- ::== 0, 
•^ oa ^ ^ oh ^ 00 -^ og ^ oj dc 

can, qua function of p and c/, be resolved into two linear equations, and, for the other 
class, the characteristic invariant is irreducible. 

The first section of this paper is devoted to the general theory of equations of the 
second order, so as to construct systems of equations subsidiary to the integration ; 
occasional paragraphs in the other sections develop the general theory in connection 
with particular types of equations. The second section is devoted to the integration 
of equations whose characteristic invariant is reducible : a method is devised whereby 
the integration can be effected in those cases w^here the integral can be expressed in a 
finite form without partial quadratures ; and various examples are given in elucidation 
of detailed processes. The third section is devoted to the integration of equations 
whose characteristic invariant is irreducible ; and the method is applied wdth 
considerable detail to some of the equations that are important in mathematical 
physics. 

It should be added that the case of three independent variables has been selected 
for detailed treatment, as being that of complexity next greater than the case of two 
independent variables, the general theory of which is fairly complete. An inspection 
of the results, as well as of the processes, will make it manifest that, for many of 
them, generalisation to the case of n independent variables is immediate.''' 

Section I. 

General Theory. 

1. Let the number of independent variables be three, and denote them by x, y, z. 
Denote the dependent variable by v^ and write 
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Let any general differential equation of the second order be taken in the form 

F (t?, X, y, %^ I, m, n, a, b, c, f^ g, h) = 0. 

When the proper value of v is substituted, this becomes an identity, so that, when 
differentiated with regard to x^ y, z, in succession, the results are identities. Hence, 



writing 



wo have 
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By Catjohy's theorem, a solution of F = exists, determined by the values of v 
and one of its derivatives, assigned for a relation betw^een x, y, z. This implies that, 
at all points on the surface represented by the relation, the values of v and, say, 'dvj'bx 
are given ; and consequently the values of 'hvj'by and 'bv'l'bz are known at all points 
on the surface. 

Taking now t', I, m, n, as known on the surface, and denoting by p, g, the derivatives 
of z with regard to x^ y, along the surface, we have 

dl = adx + hdy + gdz = (a + w) d^ + {h + <19) dy^ 

dm = hdx + hdy -j-fdz = (h + p/) dx -|- (6 + gf) dy, 

dn r= gdx + fdy + cdz = (^ -f pc) (]?x + (/+ 2<^) <^2/5 



so that, as I, m, ^/^, are known everywhere on the surface, the quantities 
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are known along the surface. These equations requii^e the relation 
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dl dn dm dii 

~T ~ 4- p ~r~ '-^^ .7" -r Q ~7~ . 

dy ^ dy dx ^ dx 

SO that they determine five of the quantities cu h, c, j\ g, h^ in terms of the 

remaining one, ,say 

^ dn 

-J dm dn ,^ 

dy -^ d/y ^ ^ 

dn 
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dx ^ dy \ 
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dl dn 



We also have 



F {v, X, y, z, I, 771, n, a, h, c, J\ g, h) =^ 



5 



SO that, in general, there are six equations to determine the six derivatives of the 
second order ; and if F is algebraical in a, 6, c,f, g, h^ there will be a limited number 
of sets of values of these quantities, which can therefore be regarded as known along 
the surface. 

In the same way, the derivatives of higher order can be deduced everywhere on 
the surface, and so, taking any point as an initial point, we have the values of all the 
derivatives of v known there ; we then have a series in powers of .t — x^q, y -— y^^z '-- z^^ 
which, in Cauchy's theorem, is proved a converging series when ci'q^/qS^q is an ordinary 
point in space for the equation : and consequently we infer the existence of the 
solution as established by Cauchy's theorem.-^' 

This conclusion is justified only, however, if the equations do actually determine 
sets of values of a, 6, c,f, g^ li. In the case where sets of values are not determined, 
so that, e.g,^ the equation F ==:: becomes evanescent on the substitution of the values 

* The most general form of tbe theorem may be stated as foHows :-- 

If (^e, ^, ^) = be an ordinary relation for the equation F = 0^ that is, if it is not a solution of the 
characteristic invariant equation, then a solution v of the equation F = exists satisfying the 
conditions :-~~ 

(i) V is equal to a given arbitrary function of x^ y^ ^, everywhere along the surface = 0; 
(ii) one of the derivatives of v is equal to a given arbitrary function of a', ?/, z^ everywhere along 
the same surface ; 
and a solution satisfying these conditions is uniquely deteruiined by thenr 

See also a paper, Proc. Lond. Math. Soc, voL xxix, 1898, pp. 5-13, in particular, p. 12, 
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of a, 6j /, (/, h^ the preceding inference is not justified. Manifestly one such condition 
will be 

,8F , aF , ,SF ar bf , bf 
^^^ a. +^^¥ + 2 a^ -^ 9^ - ^-3? + & == ' 

but this is, of course, only one among a number of equations. 

The methodj practically contained in Cauchy^s theorem, leads to a result only in 
an infinite form ; moreover, it takes no account of the alternative when conditions are 
not satisfied. We proceed, accordingly, to give another method, suggested by the 
corresponding investigation (due to JJarboux) for equations of the second order in 
two variables. 

2. The principle underlying Darboux's method is, in effect, similar to that which 
underlies Ampiciie's ; but as Darboux's method most easily admits of application to 
equations in which the derivatives of highest order occur linearly, it is customary to 
form derivatives of a given equation, in order to secure that the equations discussed 
shall possess this property. If however the equation be already in a linear form, a 
mere generalisation of Ampere^b method can first be tried, for the number of 
subsidiary equations is considerably smaller than in the other method, and conse- 
quently the integrations (if they can be performed) are correspondingly easier.'^' It 
will be sufficient for the present purpose to consider a particular example, say 

When we substitute for h^f^ g, h^ we find 

dm . f ^ V tin , d/n dm , , ^ . \ 

the equation now must not determine the value of c, and so we must have 



dm , / . dii d'lh v'.uw 

J + {p — q— i) ~Y + 7- — 7 - ^ : 
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and there is also the identical condifcioi 



1 



d')n dn dl dn 

~i VT '^ T + ^IT 

d.x ^ ay ay ^ dx 

From the first of these, it follows that either 

.?> "- 9 == 0, 
or 

g -f. 1 = 0. 



0. 



* K discussion of tbe subsidiary system, and of the relation of its integral to the solution of the 
original equation, will be found later, in §§ 27-29. 
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When p, — q =^ 0, then z is a function of x -}- y. x4l1so the second equation becomes 

-f- (m — n) =: — " (m — n), 
dy ^ ^ dm ^ ' 

SO that m — n is a function of x + y. We infer^ irom the general considerations 

adduced, that we may take 

m — n ^ <i> {x + y, '^)^ 

where <t> is an arbitrary function. 

When g -f 1 :== 0, then y -f- ^ i^ ^-^ function of r>!?. Also the second equation is 

dm dm dii dn ^ 

dy dx dx * ^ dy ^ 

whicli, by meaos of the identical condition^ can be transformed to 

dl dm 

^^^^ I , b™.*™-«» I I 

djy dy ' 

so that I — m is a function of x^ and the corresponding inference is that 

I .-^'- m = @{x, y + ^)? 

where © is an arbitrary function. 

Each of these is an intermediary integrab and the integration can be completed/^ 
3, Passing now to the generalisation of Darboux's method, we change the variables 

from X, y, z, to x^ y, u, where it is a function of x, y, z, as yet undetermined, so that 

also z is a function of x, y, u, not yet determined. For the consequent variations of 

z when x, y, u^ vary, write 

dz dz 

dx -^ ' dy 

and when x, y^ u^ are the variables, denote the variations of the other quantities by d. 
Thus 

d.v -, , dv 

dl , dl -, , 

dm J ^ dm -. ^ 

dn , dm j. . 
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'^ The example is discussed (and tlie solution completed) in another connection in § 0. 
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Derivatives of the third order will be required. Write 
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Now, from the equation F = 0, we have, on supposing a proper value of v 
substituted, an identity, which thus admits of being differentiated and leading to 
identities. Thus 
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Consider the forms taken by these equations when the new variables are used. 

We have 
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The following relations, free from derivatives of tlie third order and not involving 
derivatives with regard to ii, subsist among the derivatives of a, 6, c, /, g^ h^ viz. : 
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Further, from those equations, we have 
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Other expressions are obtainable, bu:t they are equivalent to this set in virtue of 
the three relations above given. We take the value of ^j to be 
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Substituting these values in the three equations, we find 
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and in each of these /3j has the above-mentioned value. 

4. There are two considerations, initially distinct, but found in the course of the 
argument to be concurrent, which enable us to obtain a certain set of subsidiary 
equations ; they correspond to the two modes of obtaining the subsidiary equations 
in AMPkRE's method of solving equations of the second order in two independent 
variables. 

According to the first of them, we note that the new variable u is as yet limited 

by no conditions : it has hitherto remained arbitrary. Suppose it chosen so that 

A := 0, that is, 

Kf + Hp5 + B(?^ - Gp - Fg + C = 0. 

Then the term in. ^^ disappears from the three equations; and these (after some 
reductions in which A r= is used as well as the identical relations affecting the 
derivatives of a, h, c, f^ g, }h) take the forms 

— 

, = Y + A (f ' - p f -) + H f f - p f ) + B f^ _ , f) + G f - + F f = ^ 

' \dx '■ dxl \dm ^ dy J \dy ^- dy I dx dy 

Y rj i K 1^9 ^^'^\ • TV ( df de\ , -.^ /df dc\ , ... dc , ^.^ dc 

\dw ■'' (iQ)/ \dno ' dy/ \dy -^ dy / dx dy ^ 

According to the second of the considerations indicated, we assume that the 
new variable u^ which has been adopted, is an argument in an arbitrary function 
that occurs in the solution. Then ^^ will, through the term dh/dii in its value 
dh/du -™ dz/dti, introduce a triple differentiation with regard to u beyond any 
differentiation that occurs in the integral equations, while no one of the other terms in 
any of the equations will introduce more than a corresponding double differentiation 
with regard to u. Assuming the integral to be of such a form that these differen- 
tiations give rise to derivatives of the arbitrary function, it follows^' that ^^ will 

* Provided always that tlxe nixniber of derivatives of the arbifcrary f anction in question, as occurring 
VOL. CXCI.—A. C 
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contain a derivative with regard to ,u of the arbitrary function in question^ of 
higher order than any other term in any of the equations. Now the equations must 
be satisfied identically when the value of v is substituted in them ; hence the term in 
^i must disappear in and by itself in each case, that is, we have 

A = 0, 

the same conclusion as before. The remaining parts of the equations must also 
vanish ; their forms are already given. 

5. The quantities, which have to be determined for the present purpose, are 
a, b, c, f, g, h, l^ m, n, v, z, viz., eleven in all They are functions of x^ y, ti. 
Omitting those equations in which derivatives with regard to u occur, the eleven 
quantities are to be functions of x and y. Constants that arise in the integration 
are constant because the variation of it does not appear explicitly ; that is to say, 
the constants are functions of u. 

The equations for the determination of the eleven unknowns are partial differential 
equations of the first order; their aggregate is constituted as follows : 

First, for the equations defining quantities, we have 



dv 
d^j 


: I + ^i>j 


dv 
dy "" 


= m + nq, 


dl 

dx 


: a + gp, 


dl 
dy " 


= ^^ + 9<h 


dm 

dm 


z h +fp, 


dmi 
dy ' 


= 6 + fq, 


dn 

dx 


: g + cp, 


d7h 
dy ' 


= /+Cf/, 



eight in all. 

But there are certain relations anions derivatives that must be satisfied. We 

have 

d f dv \ d I dv 
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in the solution, is finite. If the solution is not expressible in finite terms, the inference is not neces- 
sarily justified in the present connection ; we should then fall back upon the first of the two arguments. 
An example will be found in §§ 41-43. 
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a relation that is satisfied identically in virtue of the defining equations. As it 
is deduced from two of these equations, and it is satisfied identically in virtue of 
others, the inference is that the set of equations must consequently be reduced 
by one in number when only those which are independent are to be retained. 
Treating the other three in the same manner, we find 

dh , 'da da , dq^ 



dx -^ dx dy ^ dy 

dh , d/ dh . df 

dx ^ dx dAj ^ dy 

df dx dcf dc 

— - -L Q -zz: ' 4- p 

dx ^ dx dy ^ dy 
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equivalent to the identities obtained in § 3. As these are deduced from the eight 
defining equations, they are satisfied in virtue of those eight ; they do not constitute 
any addition to the aggregate. Seven, therefore, is the number in this class. 
The remainder are the equations characteristic of F = 0, viz., they are 

being four in all. It thus appears that the tale of independent partial differential 
equations in the system is eleven, being the same as the number of quantities to be 
determined. 

It is to be noted-— the verification is simple — that the original equation 

F = 

is an integral of these eleven simultaneous equations. Hence, for their effective 
solution, other ten integrals would be required if further considerations cannot be 
introduced ; but it will appear from examples that this can be done, having the effect 
of appreciably shortening the process of integration. 

6. One generalisation is immediately suggested by the results obtained. In solving 
equations of the second order in two independent variables, the subsidiary system is 
composed of a. set of simultaneous equations involving one independent variable in 
effect ; and the preceding investigation shows that, for equations of the second order 
in three independent variables, a subsidiary system can be constructed in the form of 
a set of simultaneous equations involving two independent variables in effect. It is 
thus suggested — and it is easy to see that the suggestion can be established definitely 
— that, /or an equation of the second order involving n independent variables, a subsi- 
diary system can he constructed in the form of a set of simultaneous partial differential 
equations of the first order involving in effect n — 1 independent variables and a 
number of dependent variables, this system being subsidiary to the integration of the 
proposed equation. 

2 
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7. The first of the equations, A ::= 0, belonging speciaUy to the postulated equation 
F =:= Oj can be expressed in a different form. The quantity z is regarded as a function 
of X, ij] u; and p, q, denote the values of dz/dx^ dzjdy, respectively, when ii is con- 
sidered constant. Let the equation connecting z^ x, y, a. be given (or taken) in. the 
ibrm 

then we liave 



(Jib . OIL . 6U' . OVj 



7)dO 



+ ^ 0. g;; + g97-0. 



Substituting for/) and q, the equation A == becomes 

\ d^y / d^^ dv \v'if I ax az oy oz \ dz / 



/ 



whichj after the preceding explanations in § 4, is an equation satisfied by an argument 
of an arbitrary function in the integral of the differential equation- 
It is not difficult to prove that this equation is invariantive for all changes of the 
independent variables. For suppose them, changed according to tbe transformations 
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Ih 
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y]{x, 


Ih 


■z) , 


I (*■, 


y^ 


^); 



and k^t £t,, ^^, ^, , . . . denote derivatives of f 5 . . . while l\ nb\ ft\ aJ , . . denote deri 
vatives oft; with regard to the new variables. Then 

h 'r^h n = ( i^, 7)^, Ij, X V, -ni, n) ; 

\ i 



and 



•) 



the terms represented by + . . . being terms involving the derivatives l\ m\ 70 ^ of 
the first order onh^ If, then, the differential equation 

F {a, h, c,f, g, h, I, m, n, x, y^z)-^0 \ 

becomes 

F' (a/, b\ , , .. ) ^^ 
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after these substitutions are made,, we have 

and so on ; so that, if 

u{x, y, z) = to {x, y\ z), 

we have 

\3|y 0^ Or) \dx,l dx cy 

on substitution and collection of terms. The equation may therefore be called the 
characteristic invariant of the original differential equation. 

8, A method for integrating partial differential equations of tlie second order, 
when they possess an intermediary integi^al, has been given by me elsewhere ; its 
aim is the actual derivation of the intermediary integral which, being of the first 
order, can be regarded as soluble. The preceding method makes no assumption as 
to the existence of an intermediary integral, and indeed is entirely independent of 
that existence ; so that it can be applied not merely to that former class, but also 
to equations that do not satisfy the preliminary conditions for the possession of an 
intermediary integral. 

Section II. 
Equations having a Resoluble Characteristic Invariant, 

9. As a first example (which, it will be seen, possesses intermediary integrals), 
consider the equation 

The characteristic equation is 



which can be resolved into the two equations 

p -^ q =: 0^ g 4" 1 =^ 0. 

The other three equations, deduced as in §§ 3, 4, are easily found to be 

dh , dh , dg , . .^ . dg _ ^ 

di>' dAj dm ^-^ -^ ^ dy 

d'h . dh , df . / . di' ^ . 

dx ^ dqj di): ^^ -^ ^ d/y ^ 



df . dj\ , do , , .. dc 

f^A^ ^ % ^ do: ^^^ ^ '^ dy 
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and we have the relations of identity, viz. 



Take first the form 



dJi 

dx 


da 
dy "■ 


dg 
■^ dy 


dg 
^ dx 


dh 

dx 


dlh 
dy " 


df 
^ dy 


df 
^ dx 


dx 


dy 


dc 


dc 
-^ dx 




P' 


— (/ —- " 


0, 



"^ 



y 






showing that z is any function of ^ + ?/• The three deduced equations then become 



d 



do. 

dx 

d 

dx 



(o-n 



d 



■y {g ^]i)~^{g ^ h) 



dy 

d 



(^-f)=±(b-f) 



d 



(q — /)^ 



so that h — g, b -^ j\ c — J] are functions of x + y. 
Hence, as, by the original equation, we must have 

we take, as integrals of the differential equations of the present type, 

h - 

G - 

whei'e F| and F^ are arbitrary. Hence also 



gz= 


■F\ 


{x 


-\-y> 


^)> 


t 


F, 


(x 


+ y, 


^)= 


f = 


F. 


{x 


+ y> 


^)> 



dx 
dy 



{m — n) = h — g= ¥y{x + y, z), 
(m - n) = h —f= Fj (a; + y, z), 
(m ~ n) = f — c — — ¥^{x + y, z). 



It therefore follows that 



d¥. 



dF 



1X 



dy ' 
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and consequently there exists a function, say $ [x -j- y, z)^ such that 



Fi 



and therefore we have 



a* 

dx ' 



'b\ = 



a* 






a* 



m — n 



c^ {x + y, z), 



where <l> is an arbitrary function. We might proceed from this equation to the 

primitive. 

Next, take the relation 

g + 1 = 0, 

deduced from the characteristic ; this shows that ^ + y is a function of x. The three 
deduced equations now are 



dh dh dg dg 

d.y d.x ^ dy 



•^ 



d,x 
dh 



d.x 
df 



dx dy dx ^ dy 

df , df dc dc 

d/y dx ^ dy 



dx 



— 



-0 y; 



= 



and inserting the value q =■ — 1 in the three relations of identity, they become 



Combining these, we find 

dh da 
dy dy 



dh 

dx 


da 
dy "~" 


p '^'J + 'll ^ 

dy dx 




dh 

dx 


dh 
dy 


df df 

dy dx 


>^ 


df 

dx 


dg 
dy """ 


dc dc 
^ dy dx ^ 




0, 


dh 
dy 


dh 
dy 


dy 



dy 



so that A — a, 6 •— h^ f -— g^ are functions of x. Hence, as we must have 

f -^ g z=.h — h 
by the original equation we take for an integral equation, as in the former case, 



f^gz=ih-'h = G^{x,y-\' z), 
a -- h =rz G^[x, y -{• z), 
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where G, and Go are arbitrary. But 

a 



y- (m — I) =. h — a — — G;, (a; y -\- z), 



V 



c) 



3 



so that we have 



D,/'i 









d^ vf/ (M 



consequently there exists' a function, saj — (ir, y + 2), such that 

ax '- vy az 

and "\¥e then have 

I ^ m = @ (^r^ ^ + ^)' ' 

We may proceed from this equation to the primitive. 
As two distinct intermedia,ry integrals, vm,: 

m — 71 = # (x + y, 0), 

have been obtained, it is w^orth noticing that they can be treated simultaneously, for 

they verify identically the Jacobi-Poisson condition of coexistence. If we introduce 
two new functions, 6 and (f), defined by the equations 






dd 



-" 5 



^ (^? '^/ —- 9| g 

so that 6 and ^ are arbitrary functions, then the simultaneous integral is easily 
obtained, say by Mayer's method.'"* in the form 

V = [x -{- y, ;;) + ^ {x^ y 4" ^, 

which is the general primitive. 

10. We riext proceed to an example in which the given equation does not possess 
an intermediary integral. It is not difficult to construct differential equations 

* Matli. Ann., vol. 5 (1872), pp. 460-466; see also my ' Theory of Differential Equations,' Part 1.^ 

§§ 41-^43. 
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of the second order in three independent variables, possessing a general primitive 
involving a couple of arbitrary functions of two arguments, but not possessing an 
intermediary integral. 

Let 



d-- 



3^ . . . . 3^ 



and so on for higher derivatives and for other functions. Take two functions 

<ji = ^ {x + y,z), 0=0 {x + z, y) ; 
and consider the equation 

t; =: ^ -f. p^^ ~|~ a"<^^ ^ ^ \0^ -j- ^0^^ 

as one from which cj) and ^ are to be eliminated by means of derivatives of order not 
higher than two ; the quantities p, or, X, jjl, being defined as 

p = a^x + &i^ + ^1^9 X = ao:; + /3j/ + y^;, 

We have 



^ = (1 + ^l) <^l + ^'l^^ + P4^ll + ^^13 + (1 + Ot) ^1 + O(,'02, + X^ii -f /X^ij;^ 

m r= (1 + 6^) <^^ + h\(l)^ + p<i&n + o-<^i3 + ^#1 + (1 + /3') 0^ + X^^^ + p.0^^, 
n = c^cf)^ + (1 + c\) (f)^ + P933 + cr^^3 + (1 + y) ^i + 7 ^s + ^^ii + /^^i2- 

For second derivatives^ it is unnecessary to form expressions for h and c, for the 
latter gives the only equation which contains (^^m^^ ^^^ ^^^^ former the only one which 
contains ^g^^, so that, when elimination is to be performed, these equations would be 
ignored. We therefore take 

a -^ (1 + 2a^cl>^^ + 2ai(/ii3 + p^^^^^ + (T(]>^^,^ + (1 + 2a) 0^^ + 2a 6^^^ + X^i„ + /x^^^^, 
h ^ (1 + a^ + h^) (j)^^ + (a i + h j) (j>^.^ + pc/i/^ + o-^n^ 

// = ^^1^11 + (1 + ^^1. + o'l) (^13 + aV^23 + P^iB + (^"Pm 

+ (1 + ^ + y) ^^^ + (^^ + y) ^^^ + x^,,, ^» /x^ji,, 

/= ^1^11 + (1 4 ^1 + cj'i) <^i3 + &'ife + p^ii2 + crg^iss 

+ ^011 + (1 + /S' + y) ^13 + y^m + ^^113 + /^^i-33' 

VOL. CXCI. — A» D 
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What is required is the elimination of the functional forms from these equations^ 
if this be possible. 

Manifestly all the third derivatives of ^ and 6 disappear in the combination 
a ~[- f-^ g ^Ji'^ in fact, 

4. (a — y) l^ij — (a •«- y »-" oc' + y) ^13 -^ (a — y) d^^. 

If, by means of the expressions for l^ m, n^ it be possible to eliminate 9 and (/j, we 
must have a relation of the form 

(ji j^j^^ g ^ fi j^ ^l j^ y^fii 4 '^fi ^ 0, 

where ^, rj, ^^ do not involve or <^. 

In order that the terms in (jy^ and ^^ may disappear, we have 

(1 + ^j) i+ il+h{)ri + c^C = 0, a\^ + b\y} + (1 + c\) C =^ ; 

that those m (j&y^, (^22? ^22? ^^J disappear, we have 

% — &i + p (I + ^) = 0, - (a 1 -- 5'i) + crC = 0, 

— {a^ — 6i) + {a I — 6'i) + o^ (^ + '^l + P^ — ; 

that those in 6^ and ^3 may disappear, we have 

(1 + ^^) 1+ ^^ + (1 + r) C = 0, ai + (1 + ^')^ + / C -= ; 

and, linally, that those in 6^^, 6^^, ^32, may disappear, we have 

<x — 7 4- X (f + C) = 0, »»» (a' — y ) + /x7^ = 0, 

— (a — y) -|- (a' — y) -|-" ju, (f -f- ^) + Xi^ = 0. 

These equations are to be satisfied simultaneously. 

Using the last set of three, we have, on substituting in the third from the first and 
second, 

(X + /x) (I + 7; + C) = ; 

and similarly, from the first set of three, 

(p + o") (£ + '>? + = 0. 
We accordingly take 
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With this value, the first set gives 

^h - h _ < - K _ r. 

p <r 

that is, 

Since x^ y, z, are inde|)eiident variables, this can be satisfied only if 

^- = 7- = --- = /c^ say, 
"1 ^1 ^"1 

so that 

Similarly, the second set gives 

ct — 7 u — 7' 

leading to 

a' 7' 

— = '-- z= — = K, say, 

SO that 

jx = /cX. 

The first set of equations can now be replaced by 

^ + '>? + C == O5 

% - ^1 - pC = 0, 

C + h (a^f + 6j7j + CiQ =: 0. 
Hence /c = — 1, and so cr = -— p ; also 



so that 



ctji + b^rj + (ci — 1) C = 0, 



V ? 



b^ — Ci + 1 ^j — a^ — 1 a^^ — 5j a^^?? + &i2/ + c^z 



Similarly, by the other set, we find /c = — 1 , and so ju. = — X ; and 



V 



1 -... ^ _j-. ry a ^ fy ^ a + — 1 ax + ^y -i- j^ 

As the values of i, rj, C, must be the same in the two determinations^ and as the 
variables x, y, z, are independent, we have 

D 2 
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a 

a 



7 1 — B -T J a— 7 — a — I 1 

______ , — — ..____. g^^^^^ 



1 



wlience 



so that 



h h 1 + ^1 - h h - ^1 - 1 «i -- h f 



1 



1 

\-=. a (x 4« y 4" s;) + If/ + ;-: 



It IS easy to verify that, when |9 is distinct from and co ^ there is no intermediary 
integral, that is, no relation between I, m^ n^ involving only one of the arbitrary 
functions 6 and (f). We have 

and then the diflPerential equation is 

(^ ,^ y^. g ^Ji j^ Jm ^ — \ I _ -..-:^ q^^ _ ^^ I — 0« 

It has no intermediary integral. Its primitive is 

where 

(jy ^ (j)(x '^ y^ z), 9 = 9 {x + ^, ?/) ; 

and X has the above value, and p is neither nor 00 . 

11. Now take a particular case, so as to ilkistrate the method of integration, 
J-^et 

a rzr O5 p ~ 1 ; 

then 

X - i {y 4" '^)^ 
The ditlerential equation is 

y> •, iwi "~~ III' ""^ ii _. 



and it is required to obtain the primitive 

-z; n: ^ 4- ^ 4- 2 {3/ + ^) (^1 •^ ^3 + ^i "^ ^2)? 
where 

cf, = cfy{x + y, z), e— 9{x + z, y). 

For the differential equation thus postulated, the characteristic equation is 

that is, 

{.p^ci){p + !) = {}. 
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We therefore have two solutioiiKS. The first is 

leading to 

z = function of x + ?/ ; 

the second is 

p -f 1 = O5 

wading to 

y = function of a? + ^- 



o 



The other three equations, particular to the equation under consideratioUj are 

da clcf dh , da dq , dtf . 2a — h — a 

— ^ «- p -~^ ^ — J- A^ -^ _ -ii~ J.. -^ j^ ^ — !^ — 

dx ^ dx d'X -^ dy dec d/y y + z ' 

dJh df dh , df df . rZf . 2A — & — f 2/ — ^?i — 5^ 

dx ^ dm dm ^ dy dx dy 2/ + ^' (2/ + ^/ ""^ ^ 



that is. 



dq do df , ffc dc , <:fc . 2q -^ f — c 21 — on — ^^ 

dx ^ dx dx ^ dy dx dy y -{■ z {y -\- zf *~~ ' 



i(«-*.)-(P+>.)(i-|)+^^f^' 

i (/>-'-)- (p + 1) (I - 1) + ^^fi^ - ^-^^^f^ = 0, 

' to -/) - (P + 1) f^?: - ~U '^^^fl^ - ''£^-" = 0. 



^e^j '^ "^ ^ ^^ ^ \^^j dy I y + z (y + ^y 

Taking first the case 

j9 + 1 = 0, 

/ -, , ^. , 2a — Jh — r/ — 2g 4- f + c . 21 — m — '??. 



we have 






cZ 




d,v 


But 




2a — 


h- 


and 





/i - c/ - 2,9 +/+ c = (^ + ^ ^ (2Z - m - n) = -^ (2? - m - n), 



IX 



Cv 1. X .L 

dx y -\- z (2/ + ^)^ \y 4- ^')^ ' 

so that 

f^ , , . ny. , d 121 m — Tb 



5^(«~/^-.9 + /) + ^ 



?/ + 2 / 



0. 



We thus recover the differential equation, which is an integral of the system ; the 
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arbitrary function, which would arise through the integration, is definite : we have, 
in fact, 

21 — on — n 



a ^h^ g + / + 



■y + ^ 



Using this integral, the second equation becomes (on the elimination of 2/ — m — n) 

d . a -{• h --l -- [I 

ax ^ ^ y ■\- z 

Combining this with the first equation, we have 

'\ („ - 24 + M + «^--?*.+i = 0, 



dx ^ I / I ^y + ;. 



so that, as p + 1 = 0, we have 

d fa — 2h + &' 

do] \ y + ^^ 



0. 



Since p + 1 = implies that ^ + ^ is a function of y^ we infer that 

a — 2h + h 






arb. fn. of?/. 



when 

-^ 03 = arb. fn. of y 



z 



and consequently an integral that can be associated with the original equation is 
given by 

a — 2A + ^ 



y -\~z 



e{z-\- X, y\ 



where 6 is an arbitrary function. 

Taking next the case p = g', the alternative that arises out of the characteristic 
equation, we have the three other equations the same as before. It is now necessary 
to take account of the three equations of identity, which, when the relation p =: g' is 
used, are of the form 

dh da (dcf dq 

^™ ::r, p [-—--- -- 

dx dy *■ \dy dx 

^ _ "^ — /^ _ ^ 
dx dy '- \dy dx 

df dg Ide dc 

dx dy ' ^ \dy dx 

SO that, eliminating the terms in ^ from the three equations, we have 
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dx ^ " ^ dy ^ ^ ^ y + z 



d ,, ^. d ,, ., , 2A - 5 - / 21 - '//I - n 



0, 



dx ^ "^ ^ dy ^ '^ ' y + ^ \y -^ '^) 

d , . d , . ^ 2cf — f — c 21 — m — n 

~r (q — o) - -- (a - c) + -^-^ 7~t"~ x. ^ = 0- 

dx ^^ ^ dy "^ ^ y ^ z {y + zf 

Eliminating the term in 21 — m — n from the second and tiie third of these by 
means of the original differential equation, we obtain the modified equations in the 
forms 

A (i _ f\ ^ sL(h ^ f\ \ ^^.j:tAiL^^l --. 

dx^^ '^ ^ dy^ / / "» y ^ ^^ -^ ^ 

™ ig — c) — -- (g — c) + ~ = 0. 

dx ^^ ' dy ^^ ' 2/ + ^ 

By the first of the former and the second of the latter, we find 

(a - 2a + c) - — (^ ~ 2a + c) ^ 7 = 0. 



Now, as j9 = q, z behaves like a constant under the operation djdx — djdy ; hence 
we have 

d d \ \ a — 2g •{■ G 



0, 



when 



Consequently 



dx dy /[ y + 



^^ ^^ ^ z = 
^dx dy 1 



a —2g-\-c , 

- = arb. In. 01 x + y. 



^ + 



;i; 



w 



hen 



^■ 



and we therefore infer that 

a — 2y + a 



y + 



'y. 



arb. fn. of ir + 2/ 5 



^y {x + ^, ^) 



is an integral that can be associated with the original difierential equation, (jy being 
an arbitrary function* 

In order to proceed to the primitive, we take first 

a - 2y + c ;^ (?/ + ^) (jy {x + y, z), 

and introduce a new ai'bitrary function J] defined by 

9 ^J'ni ~~" ^yil3 + 3/i2-2 '^y222' 



a 



24 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF 

SO that 

/ 9 3 \3 

^ \^ "^ a7J ^ ^ (2/ + ^){fni - ¥m + ¥m -^32]. 
where f is an arbitrary function of ^ + ^. r^. Hence 

where G is arbitrary so far as this equation is concerned. 

Similarly5 introducing a new arbitrary function r/, defined by 

the equation 

a — 2h -^ h =• {y -^ z)6 {x -^ z, y) 

leads to the equation 

- 2/i + 6 = [^ - g-v) -y = (2/ + 2) ((/lu - ^9m + 3(7i2.2 -" </32a)- 
Hence 

^ "^ ^^ = 3^ "" aj" ^ ^y + ^^ ^^1^ "^ ^^^^ + ^^^^ + ^^ ^ ^^ "^ -^^ ^^ "^ ^' ^^' 

where F is arbitrary so far as this equation is concerned; 

In order that the two equations, giving the values of I — n and I — m respectively, 
may coexist, they must satisfy the Poisson-Jaoobi condition {U, Y) ^ 0, which, 
when developed, gives 

so that, taking account of the arbitrary character of the functions, we have 

Thus 

l^m={y + z) (gj^ — 2gj^ + g^^) - {fj - Jl) + g^ - g^ 

It is easy to verify, not merely that these equations coexist^ but also that each of 
them satisfies the differential equation ; but neither is an intermediary integral in 
the customary sense, for each of them includes two arbitrary functions of two 
arguments. 

The equations are of the first order ; it is easy to obtain the primitive in the form 



V 



2/+ % + (^ + ^) (/i -f%^9i- 92)^ 



where yi = f {x + y, z) and g -^ g {x '\' z, y) are arbitrary functions, and/i,/;, r/j^, g,, 
are their respective first derivatives. 
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12. It will be noticed that in these examples the equation A = (which is of the 
second degree in p and q) is resohible, so that it can be replaced by two linear 
equations, and that the latter have, in turn, been combined with the other equations 
of the system. Now, these equations are of Lagbange^s linear form, and their 
integral is such that some combination 6 of variables can be an arbitrary function 
of some other combination ^. Further, it has appeared that the integral of the 
subsidiary system (other than the original equation) is such as to make some 
combination y\f of the variable quantities a fimctional combination of 6 ov <^ at the 
same time that 6 and ^ are functionally related, so that, as the functional forms are 
arbitrary, we infer that 

where "9 is arbitrary, is an equation that can coexist with the original equation. 
Hence it is to be inferred that ivhen A = is a resoluble equation, that is, can he 
resolved into tivo equations linear in p and q, arbitrary functions of two arguments 
occur in the most general integral equivalent of the original equation, 

13. The converse also is true, viz., if an integral relation involve at least 07ie 
arbitrary function of a couple of distinct arguments and be equivalent to a partial 
differential equation of the second order, and not to an equation of order loiver than 
the second freed from arbitrary functional forms, then the characteristic invariant 
equation can be resolved into tivo linear equations, (The number of independent 
variables is, of course, presumed to be three.) 

Let ^ and rj be two independent functions of x, ?/, z, so that not more than one of 
the three quantities 

can vanish. As regards the arbitrary function of ^ and -yj, let it occur in the 
integral equation in the form 

v=^{. , <^(^, ^), . . .}, 

where <^ denotes the derivative of the arbitrary function of highest order occurring 
in ©. Then we have 

^^^ =" a^ (^i^^ + ^3%) + • - >- 

3b 

3® 

<y^ == gT {^ii£/ + ^^Pnt'vV^v + <^32'^^'^l + dorivatives of (jy of lower order, 

3© o 
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and so for the others. Now the integral equation is, by hypothesis, equivalent to a 
partial differential equation of the second order, say to 

F (a. &, c, f^ g, h, /, m, n, v, x, y, z) ^=:^ ; 

hence when tliese values are substituted the equation is to be satisfied, and accord- 
ingly the terras involving the various combinations of tlie arbitrary functions must 
disappear. Thus the highest power of </>^— -or what in eifect is the same thing, tlie 



highest power of c^,^ ;:;7-— -must disappear of itself, and therefore 

flr 3F (3F 8F 3F 3F 

^" ?)a, ^^ ^ 3^ '^ ^' dc "^ ^'^^^dh ^' ^'^' df "^ ^^'^" dfj ' 



or, with the former notation, 

3@ 



But the term involving the highest power of </>^2 ^T ? which will be of the same 

3@ 
degree as the highest power of (f)ii ^, , must also disappear of itself; and this gives 

rise to the equation 

2Ae,^,, + H (^,,7?, + e,v^) + G {tv~ + M + 2B47?, + F {e,v. 4- f.17,) + 2C|^.^. = ; 

and likewise the term involving the highest power of (^02 ^T i^'i^ist disappear, 
leading to the equation 

From these we have 

( Ae + i H^, + 1 G£,)2 = (1 H^ - AB) e/ + 2 (i G.H - i AF) 4£, + (i G^ - AC) £/, 

(At?,, + 1 Ht?, + I Gt;,)^ = (1 W - AB) 07/ + 2 (i GH - 1 AF) rj.r,, +:(|- G^ -- AC) 7?/, 

(A£, + i H4 + 1 G^) (A.;, + 1 1% + i- Gt?.) 

= (i H^ - AB) i,r,, + (i GH - 1 AF) (f ,7?, + e,yj„) + (i G^^ - AC) ^^^ ; 

so that, squaring the last, subtracting the product of the first two, reducing, and 
removing the factor A, we have 

(Discrt. of A) {i^7], — ^,r).^f = 0. 
Similarly, by taking modifications of the first equation in the form 

(iH£,. + Bf,+ iFe)°^=..., 

or in the form 

(1 G& + i F^, + Gi.f = 



9 ^ « 
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and removing factors B and C respectively, we find 

(Discrt. of A) (^,7;,, — ^jy]^ r= 0, 
(Discrt. of A) {^,,y)y ■— f^/Tj.,)^ = 0. 

Now it has been seen that not more than one of the three quantities 

can vanish. Consequently 

trie Discriminant of A =: 0, 

in other words, the equation A = 0, that is 

can be resolved into two equations linear in p and (/. This establishes the 
proposition. 

But if ^, instead of being a function of two arguments f and rj, were a function 
of only a single argument u, then instead of three equations we infer only one 
equation of the type 

and its resolubility cannot be established. (It is, of course, not the case that it 
is not resoluble in particular cases ; it is not resoluble in general.) Hence ivhen the 
equation A = cannot be resolved into two equations^ linear in p OAid q, ive infer 
that the a7'hitrary functions ivhich occur in the integral equivalent are functions of 
only a single argument, 

14. In the case when A = is resoluble into two Imear equations, and when the 
other equations possess integrable combinations, a method can be constructed for 
obtaining those combinations. Thus take the example considered in § 11, where the 
deduction of the combinations is fortuitous in the sense that no indication of the kind 
of combination is given. Let 

{a, h, c, f g, h, I, m, n, v, x, y,z):==:0 
bo an integrable combination ; that is, we must have 

dx ' chj 

Either (i) one of them, or (ii) a Unear cross between them, or (iii) both of them, must 
be satisfied in virtue of the set of equations. 

E 2 
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Let us consider, first, the case when 

29 + 1 rr 

so that q remains arbitrary. Evidently 

'f = 

dy 

will not be the equation to be satisfied ; so that the effective combination must arise 
in the form 

d.e 



d 



=: 



X 



when p -(- 1 = 0. In other words, we must have the equation 






au 



a; 



im 



dn 



+ 9 0,7 -rj 



d. 



di 



0111 



+ c 



^e ■ 







do 

T / + ^ (' 

on, ()v ^ 



dd da dd db dd do d0 df d0 da dd dh 

da d'S db dm dc dx ' 3/ d.m dg dx dh dx 



0, 



n 



) 



(where the value p = •™ 1 has been inserted)^ satisfied in virtue of the system of 
subsidiary equations. The relations of identity all involve q, and therefore cannot 
be useful for the purpose. Hence the above equation must be a Hnear combination of 



vhere 



w 



X 



— — -|- A = 



da 


dh 


dx 


dx 


dh 


dJ) 


dx 


dx 


% 


df 



dx 



d. 



*' 



+ z 



:a 



h-!j 



^ 



+ Y3.0 \ 







■« ~y Orai i 



*t^^ 



y -v-i ' 




2h-h-f 
y ■}■ z 


21 ^ ']ii »■» 11 


2!j-f-c 
y -^ z 


21 — VI — n 
{y+zf ' 



these being the subsidiary equations particular to the present case when the value 
'p :=z —- 1 is inserted. 

When therefore we substitute 



da 



dx 






dx 



Xw 



sncfrwa Y 



a/, 



dii 



dx 



+ z, 
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in the equation derived from 0. the latter should become an identity ; that is, we 
should have 

d0 , dd ^ jdd . de fde , 3^ , .3^ , 3^\ , Bd /dh ^' 

dx dl dm -^ dn \dz ^ dl "^ dm dn / ' da Xdx 



de fdh .^T\,d0de dO dd (dg \ d6 dg dd dh 

^ db \(b^ ^ ^/^ do dx ^^ '^^ dv ^df \dx ^.^J ^ dg dx- ^ dh dx ^ ^ 

satisfied independently of the values of derivatives of h^ c, g^ with regard to x. It 
therefore follows that, if a function 6 of the suggested type should exist, it must 
satisfy the system of equations 

^^- = 

dd de ^' 

df ^ dg "" "' . 



and 



de , de . de 

da dh dh ' 

97 ~ e7 + (" " ^) ¥ + ^^' ~ ^) 37 + ^'^ - ^') 97 + dv ^^ - "') 



-— A. Y~ I -»- ^t"" I" ^ '77 ^^^ ^ 5 

da do df 

and the number of functionally independent solutions of these homogeneous 
simultaneous equations is the number of integrable combinations of the subsidiary 
system. 

This system of partial difterential equations of the first order must be rendered 
complete by associating with it the Jacobi-Poibson conditions. This complete 
system, obtained by the regular processes, is without difiiculty proved to be 
equivalent to 

3^ _ a^ _ . 

dv "^ ^' dc" ^ ^^' 

de de . 3^ 

dh da db 

'^ d/^ (J7/i' an y + r^' d/ // + % dg \da ab / y + z 

^ _ ^ _ 2^ """ J^^ ""-' !^ ^ _■ 2c&-^3A + & -k-f- (J de _ 
dx 3.^ (?/ + 0)^^ 3rt ;// + z dl) """ . ' 



and 



the latter being the modification of the last of the four initial equations. 

The complete system thus contains nine equations : it involves thirteen variables, 

vii^., a, 6, c,/, g, h, I, m^ n, t?, x, y, z ; and consequently it possesses four functionally 
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independent solutions. Tiiese can be obtained, bj any of the regular methods, in 
the form 

2a — oh -h h + f — (/ . 21 — m — n 



3A -h & 4- / -^^^^ 21 ■ 

y 4 ^ {y + ^^ 



a 



f^ — 9 +/ + 



21 - m - 



n 



But the last is zero, owing to the original differential equation ; and by using this 
imposed restriction, the second becomes 

a — l^A -f h 
y -\- z 



Consequently the most general solution of the system is 



/,. 



* 



a — 2h ■\-'b 



y -r 






^ + ^. ?/ 



0. 



where <& is arbitrary ; an equivalent of this is 



a — 2h -{- h 

y + z 



{z + X, y), 
where d is arbitrary. 

Similarly a new relation between derivatives of the second order can be deduced 
by taking the alternative solution p — (^ =^ <^f the characteristic equation. 

'J'he rest of the solution proceeds as before when once the system of partial 
difterential equations satisfied by 

5- = 5- (a, &, c, f^ g^ A, I, m, n, v\ x^ y^ z) :==: 

is obtained. Now, when p = q, the relations of identity are 



dh 


da 


dx 


dy 


db 


dh 


dx 


dy 


^If . 


dy 



d.v dy 



P 



P 



P 



dy 

^dc^ 



dx 



dx 

dc 

dx 



These can be 
and the latter t 



used to eliminate p from the equations particular to the present 
n become 



case, 



da 
dx 

dIo_ 

dx 

dx 



da 
dy 

dh 
dy 

dy 



'dg dg 
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dx 

•di 

dec 
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dc 

dx 



dAj I 

dy 
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dy } 



+ X 
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+ Y 



-~p id 
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which hold whatever be the vahie of p. But from ^ =: we have 

h + dv ^^ + '^^^) + di ^^ + '^^^ + dm ^^^' +^^^ + ii: '^^ + ^'P^ 

J 35 da dS dc 

da dx ' * * * 9c <:Za; ' 

and 



S9 39- 35^ 35 

dy + 3^ ^^^^ + ^^"l^ + 37 ^^^ + ^"^^ + 3^?i ^^^ "^-^"^^ + £ ^'^ + /^'/^ 

35 r?a 35 <:Z6' ___^ 

da dy ' ' * ' do dy 

For our immediate purpose, p =: q ; hence, subtracting, we have 

a^ ~ 37 + 3^ (^ - "') + a/ (^^ - '^^ + h^^' - '^) + 3^ ^•'^ -^) 

. ^ 35 Ida da\ 
+ ]$ - — ( — j =: 

da \dx dy] ' 

which, being free from p and g, must be satisfied in virtue of the above three 
equations. This being the case, it must, when we substitute for 

da da dh dh dc de 

dx dy ' d.v dy ' d.v dy ' 

be satisfied independently of the values of 

dh dh df df dy dy 



dx dy dx dy dc 



Assigning the necessary conditions, we find 











35 
db 


0, 






35 

3/ 


+ 


35 

dh 


0, 


da 


4- 


35 


+ 


35 

CC 


0, 



f 



35 . 35 .. . . 35 ■ ,. . 35.. s . 35 



dx dy 



- + a; (^ - "^) + 3^- (« - ^') + d^S^' -p) + ^^^o -/) 



X^5 ^ O^ ry ^^ ^ 

ca oh VG 
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The integration of these equations can, as already stated, be effected in the same 
way as for the preceding part of the solution of the orighial equation ; the most 
general solution of the system is found to be 

a — 2fj + c 



^{xA-~y, z). 



15. That the method just expounded is not restricted to individual instances o 
equations, for which A = is resoluble, can be seen as follows. 
We consider, more generally, the case when 

Ap^ + Rpq + B^^ - Gp •»- Fg + C = 
is resoluble into fcwo linear equations. We have 



( Ap + 1% - ^Gf = (l-H^ - AB) q'^ + (AF ^ |GH) q + ^& -- AC 



Let 






AB :^ e% 



then, since 

we have 

and the equation is 



AF - .^GH 



2&'<]i 



(J;H2 - AB) (iG^ - AC) = i (AF - iGH)l 



:|G^ - AC 



•2 A 2 



kp + iHf/ 



iG 






that is, we have the two equations 

Ap + (IH -e)q 



(iG ~ e4>) 



where 



:0 
Ap + (pi+^)(?-(iG + ^<^) = 



</.= 



Jl'"'^ 



W 



e^ = iw 



1^ 

AB 

AB 



> . 



Taking the former of the two equations, viz. , 

Ap + (iH~^)g-(iG™^<^) = 0, 

we seek to obtain combinations of the three equations of identity with the three 
equations particular to the present case. The first equations of each of these sets^ as 
given in §§ 4, 5, are 

dfj 



X + A^ + H?^+B'^+Gt-+Ft--;>(A^ + Hf^ 

-'"^ ^"- . dy diV dy -^- \ dx dy j 



dx 



dx 



5B 



dqj 



0. 



da dlh , da 
, ^~~ J- p - '^ 

dy dx ^ dy 



c 



? 



dx 



•• 0. 
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Multiply the latter by -IH — ^^ and add it to the former. In the resulting equa- 
tion, the coefficient ofdgjdx is 

G — Ap — (4H — 6)q, 
which is 

= (JG + e<l>) ; 

the coefficient of dgjdy is 

- Hp - B? + (iH _ ^) p + F = - ((|H + ^) p + B^} + F 



A 

|H + 61 



[Kp -^ {^n - 6) q) +F 
(^G — ^^) -|- F. 



But this coefficient, multiplied by A, 

= AF - iGH - IGd + \B.d^ + ^2,^ 
= |GH - iG^ + lB.d4>- e^ 

and therefore the terms, involving derivatives of g, are 
The terms involving derivatives of a are 



A (d<^ ill — " ^ d(^^ 
\dx A cly 

and those involving derivatives of h are 

(in + e) -- 4- B "^ = (i-H + ^) ("^ + i^rJ ^„^ 

y n. 1- C7; ^^ -f 15 ^^^ - 12-n- ^" c^; ^^^ "T ^ ^^^ 

The equation is now in its simplest form. The other pairs may be treated in the 
same way ; and thus^ corresponding to the equation 

Ap + {LK-e)q-iiG~d<t>) = 0, 

we have a system of three subsidiary equations free fi^om p and q in the form 

X + A8a + (IH + 6} 8h + (^G + dtj^) 8g = 
Y + A8h + {\1Bl + $) 8b + ilG -\- e<f>) Sf ~. }- , 
Z + AS^ + (4H + 0) 8/ + (iG 4- 0<l>) 8c = J 

^ d iH -e d 



where 



dx A dy 
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It (a, b, ejl g, h, I, m, n, v, x, y,z)zrzO 



be an integrable combination of these equations, then we must have 



da 



au 



da . . du dh . 3^^ 

Jiz J.. ^^ A... J- 



dx 



dh dx 



d-z 



lb 



(ii( (j'lf (ju fj 

+ ^ (^ + np) + 9^ (« + 9'P) + ^^ (h+fp) + ^i9 + cp) = 0, 



du da , , du dh , dti , tiu , 9k , , , , du- ,, , , 

37 ly + • • • + al -^ + 3^^ + ^ ^ + '3^ (^^ + '^?) + 37 (^ + ■^?) 



dit 



+ 9^ (''•' +/2) + -^ (/+ c?) 



0. 



1 H — ^ 
Multiply the latter by -^ — -^ — , and add to the former ; where p and q occur in 






the result, it is in the form 



P + 






nd so the equation is 



|H- e 

A 



<l 






8 



It 



37 ^"^ + ¥ ^^ + ¥ ^^ + 37 ^'^+ 3^ " 



OQ -|- "^"^ 0/2' "Y" "o 1 



-j- 



t^ 



8t6 



^ + ^"^ 



0^?1 \ 









A 



72- 



3/i 
dT 



a + 



3» 
ill 



- ^ 3m I: G - 

A 3?/ A 



$cj} 3m 



K 



2 



- 6" , , hG-ed> 



^:l, + i--%)_,^(,+ 



|H-g /^ , iG--^ \ ___ 






/ + 






c 



0. 



This must be satisfied in virtue of the three preceding equations and independently 
of the actual values of 8a, . . ., Bf, Substitute for 8a, 86, 8c; then the coefficients 
of 8/, 8^, 8^, and the term independent of these must vanish. We thus obtain four 
linear homogeneous partial differential equations, viz,, 



















I H + ^ die 

A "da 



A du 
J H + db 

A du 



I H 4- 6> du 
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du J G- + 6j> du 
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du I G + 64> d'U 
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witli 

This system of four equations must be rendered complete by constructing the 
additional equations that arise out of the Jacobi-Poisson conditions. If, when 
complete, the system contains n equations, then it possesses 13 ■— 7^ functionally 
independent solutions. Among these must be included (i) the original differential 
equation 

F {a, h, c,f, g, h, I, m, n, v, x, y, z) =z ; 

(ii) the two distinct integrals of 

dx dy dz 



A JH - ' m- Ocj,' 
say these are ^, 77. 

Putting these on one side, there are thus 10 — n new functionally independent 

solutions. A not uncommon case is n = 9, when there is one new solution, say u. 

Then we have 

U= XJJ (f , 7)), 

where i// is an arbitrary functional form ; and this equation coexists with the original 

equation 

F = 0. 

16, Thus far we have considered only one of the two equations into A = is 
resoluble. When we consider the other equation, viz., 

Ap + (iH + ^) ^ - (iQ + d<l>) = 0, 

the sole difference in the general analysis is manifestly a change in the sign of ; and 
we therefore obtain the corresponding system of linear homogeneous partial differ- 
ential equations, determining an integral combination (if any), by changing the sign 
of in the preceding system. The method of integration is the same as before. 

It may happen that neither of these two systems possesses a solution distinct from 
the differential equation. If, however, either (or both) should possess such a solution, 
then n must be less than 10» and certain conditions — viz,, those in order that the 
system when complete should contain not more than nine equations—must be satisfied. 
These are the conditions in order that one equation-— or two equations, if the result 
hold for both systems— of the second order involving an arbitrary function of two 
arguments should be associable with the given equation. 

And it should be noted that the characteristic invariant of an equation associable 
with the given equation is satisfied by that linear equation in the characteristic 
invariant of the given equation which is used to derive the new equation. 'J'he 
result is general, and the proof of the general result is immediate. 

F 2 
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17. Now it may happen that the simultaneous system of equations admits of no 
new common solution in either case; the inference then is that no equation of the 
second order containing a single arbitrary function can be associated with, or is 
compatible with, the given differential equation. But it may then be that some new 
equation of the third order — new, that is, in the sense that it is not one of the 
immediate derivatives of the given equation- — containing an arbitrary function can be 
associated with the given equation ; and this may occur with each of the linear 
factors of A = 0. And so on, precisely as in Darboux^s method for dealing with 
partial differential equations in two independent variables ; we seek to obtain one 
equation (or, it may be, two equations) of finite order which are compatible with the 
given equation, contain one arbitrary function, and are not mere derivatives from 
that given equation. 

We have been proceeding on the supposition that the equation possesses no 
intermediary integral. If no other equation of finite order is compatible with 
the given equation,^ then the method ceases to be effective. In that case, the only 
result generally attainable seems at present to be that which occurs in the establish- 
ment of Cauchy's existence-theorem ; the integral certainly contains two arbitrary 
functions, but its expression (in the form of a converging series) is not finite. 

18. Suppose that the conditions for the existence of a new common solution 
are satisfied for neither of the systems in §§ 15, 16, so that no new equation of the 
second order, containing only a single arbitrary function, is compatible with the 
given equation. We proceed to construct the system of subsidiary equations which 
determine an equation (if any) of the third order containing only one arbitrary 
function, and compatible with the given equation 

F (a, &, c,/* g, h^ I, m, n, v, x, y, z) ^ 0. 

On account of this equation, we have three derived equations of the third order, 
viz., with the former notation 



Y + A^o + Hyo + G^i + B8o + Fy, + 0/3, = 

Z + Aa^ + H^i -f Qa^ + Byi + F/S^ + Gag = 



"^ 



r 5 



J 



and the new equation (if any) must be compatible with these. 

19. The process is an amplification of that used in § 2. When the proper value 
of V is substituted in F =^ 0, the latter becomes an identity, so that, when it is 



* A simple instance is given by 



7 _ , y. ., ^ 2Z — m — - 71/ r\ 



where X is a positive constant other tliaB an integer. 
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differentiated with regard to the independent variables, the results are identities. Bj 
hypothesis, no new equation is derivable when first derivatives are formed : we 
therefore form the derivatives of the second order, being six in all; viz., they are 



dFF 
dy dz 



== 0, 



0, 



dFF 
d,if' 

dz dx 



0, 



0, 



d?¥ 
dx dy 



= 0, 



0, 



equations which contain derivatives of v of order 4. Let these fifteen derivatives be 
denoted by s^, h^, . . . ,8,5, their definitions being given by the scheme 
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dy-\- 
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''^5 
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^'lO 


c/ag 


^^0 
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cI/Sq 
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'''s 


^\ 
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^'■9 
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dji 
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»'l3 
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dBfy 


ry 


ni 


'"is 



Further, let (XX) denote the part of ~ which is free from derivatives of the fourth 
order, (XY) the corresponding part of T--y-, (XZ) that of J--7, and so on. Then the 



six equations are 



(XX) + A.r J + H?^2 + Grr^ + Br,^, + ^7^5 + Cr^ 
(XY) + Ar^ + Hr^ + Grrg + Bn^ + Frg + Org 
(XZ) + Arg + Hrg + Gr^ + Brg + Frg + Cr^ 
( Y Y) + Ar^^ + Hr^ + Grg + Br^i + Fr^^ + C^^ 
(YZ) + Arg + Hrg + Grrg + Brj^ + Fr^g + C ^ 
(ZZ) + Arg + Hrg + Gr^Q + Br^g + Fr^,! + Cr^ 



13 

5 












^ 



^ 



As before, let the variables be changed from x, y, %, to x, y, u, where t^ is a function of 
x^ y, %, as yet undetermined, whence also 2; is a function of x^ y, u. For the 



38 



PROFESSOR A. R. FORSYTH ON THE INTEGRATION' OE 



consequent variations of z when x^ y, u^ vary, we write p and q for dz/dx, dz/dy^ 
respectively ; and w^e adopt the notation of § 3, The new expressions for the 
variations of v, I, m, n, a, h, c, f, g^ li^ are given in § 3 ; those for the variations of 
ccq, a^, ao, ^3, ^Q, /3i, ^0, yoj TiJ ^0? ^^^ given by the equations 
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The following relations subsist among the derivatives of a^, . . . , 8^, free from 
derivatives of order 4 and from derivatives with regard to u^ viz.. 
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These six identical relations reduce the twenty equations in the two foregoing 
columns to fourteen independent equations ; hence the fifteen derivatives r can be 
expressed in terms of one of them, say q\^, and of derivatives of ^q? • • > > ^o ^ ^^^^ the 
value of ^5 is d/3Q/dit -v- dz/dii. These expressions for the other fourteen, in terms 



of rg, are 
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20. When these values are substituted in the six equations, and terms are collected, 
it appears that the terms in r^ in the six equations are 
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respectively. For reasons which, being the same as before, need not be repeated 
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here, tlie term in r^ is made to disappear from each of the equations, and thus 
we have 

the characteristic invariant. (We hence notice that this is a particular illustration of 
the remark in § 16, viz., if two equations are compatible with one another, their 
characteristic invariants are either the same or, being resoluble, have at least one 
factor common.) 

The six equations, after some reductions of an easy character, take the form 

(XX) + A (~ — p ^^A + TlI^^-- — p ^~-^) + fif -^-^- — a ^^'-A + Q^^^ + F ^'^- — 

^ ^ \dx ^ dx I \ dx "- dy J \ d/ij ^ dy J dx dy ' 

(XY) + A f-^- - « '^~\ + h/-^^ - 'p ^-^A + B^-^5 - i/^'\ 4- G^^i" 4- F ^ =: 

^ ^ \dx -^ dx J \ dx -^ dy J \ dy ^ dy J dx dy ' 

(XZ) + A f 4"^- -p^)+ Mf^ - p -^f) + Bf^f ~- q^f) + G^ + F -^- == 0, 

^ ^ \ dx ^ dx J \ dx -^ dy J \ dy ^ dy I dx dy 

^ ^ \dx -^ dx j \ dx ^ dy J \ dy -^ dy j dx dy 

^ ' \dx -^ dx j \dx ^ dy j \ dy dy J dx dy 

(ZZ) + a(^- p ^A+ li('^- p ^] 4- Bf'^-^^--" o-'^^-'W G -^ + F ^- == 0. 

^ ^ \ dx -^ dx J \ dx ^ dy J \ dy ^ dy J dx dy 

For the aggregate of differential equations in the system, we have one pair 

dv -J ■ dv 

-— — I -U np, ";— =: Qii A- nq ; 

d'X • -X ^ gy i 1 ^ 

three pairs, one of which is 
six pairs, one of which is 

^ = ^0 + ^iB ^ = Po + ^1? ; 

one characteristic equation, 

A := ; 
and the above six equations. 

The three equations of § 18 become three integrable combinations of the above six 
with the foregoing equations in the six pairs. 
The number of quantities to be determined is 

10 quantities . . . . ^q, . . ., Sq; 
1 quantity . . , , v ; 

T 7 " 
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or 21 ill all. There are certain relations among the differential equations ; and 
further^ four integralble combinations of the new system are known to exist, viz., 
the initial equation F = and the three equations derived from it. What is 
\Yanted is^ if existingj a new integrable combination. 

21. Thus far the analysis applies whether the characteristic invariant is or is not 
reducible to two linear equations. Suppose now that, as in §15, it vanishes, in 
virtue of one or other of the two equations 



Ap + (^H »« ^) g »^ (iG »^ e<i>) = 



> 



and consider these in turn, in the same manner as before. 

Then, by com^bining the equations of identity with the equations particular to 
F = 0, we have 



(XX) + ASao + (iH + e) S/3, + (iG + ecjy) ha, 
(XY) + AS/3, + (iH + 0) Syo + (|G + 0.i>) S/3, 
(XZ) + A8a, + (|H + 0) S/3, + {ia + ecl>) 8a, 
(YY) + ASyo + (iH + e) 8So + (iG + #) Sy, 
(YZ) + AS/3, + (iH + e) Sy, + (JG + e<t>) Sfi, 
(ZZ) + ASa^ + (iH + e) S/3, + (iG + 0cl>) 8^3 

as a modified form of the equations for 



0"^ 











^ 



and in this form 



Let now 



Ap + (JH ^0)(2- (JG --. ^(/>) ^ ; 



dw A dy 



jj {a,^ . , ., Sq, . . .; A, I, m, n^ v, x, y, 2;) — 



^ 



be an integrable combination, so that we must have 



Ot,^ 



^ 8E da^^ cE da 

cuf^ ax da ax 



dB] da 



"^W. 



t. : 



'\T71 



oE da 



dl dx 
SE dl 



dl , f3E ,, , X , aE , aE 

+ 2 . (^ + np) + ^- + p 



aE 



a,'. 
aE 



'^ 

Of^ 



aE 



a«o ^' + ^ aa rf^ + ^ ¥ rfy + a^ (m+«g)+ ^^ + g 3^ 



0, 



0. 



Multiply the first by A, the second by ^H — 0, and add ; then using the equation 
connecting p and q only, Ave find 



Kt I-- Ss + A ~v + (4H 



I)^^ 



^) ^ + (iG[ - ^<^) 



_DE 



0, 



wher 



e 
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ov m cm ^ on 



dx * 



+ "'o B^. + ^0^ + "'i a; + y'^Jb+^^ W + ^'-^ a« 



I) 



D 



y 






dy 



3 



ov 



ol 



om 



CM 



f^ r\ n r\ f\ r\ 

+ ^0^ + To ^^ A ^ + So ^^ + yi |; + ^3 ^• 



1)^ 



a 



d 

ov "^ 



?.^. 



dl 



'^ dm on 



a 



a 



a 



a 



+ «-a. + ^'a+«'-& + >'.»+fts + «» 



3 






^ 3c 






ow this is to be satisfied in virtue of the preceding six equations and indepen- 
dently of the particular values of da^, . . ., SSq^ belonging to any integral of the 
original equation. Hence the equation must be expressible in the form 

Xj^ {(XX) "4" • . . ) -f- Xg {(XY) "4" « . . } "i" Xg |(XZ) -f" • = • j 
+ \ {(YY) +...}+ Xg {(YZ) + ...}+ Xg {{ZZ) + . . .}, 

where X^, . . ., X,., are indeterminate multipliers; the conditions sufficient and neces- 
sary for this are 



BE 



(iH + Of ^ 



OPn 



hi) 



3E 

A3 ^ ^ A 

^ 3L ~ ^' 



(|-& -j- d(j>) 



4^ KJjLlJ 













OUo 



0, 



(|G + 0c{.f 11^ 



(J G -f 0<l>f (pi + ^) 



a:p. 



a 



'7i 






dE 



+ (-|G + e<j.) (iH + ef !§; - (|H + ef -^ 



0, 



(PI + B) (-|GI + ^<|.) as AS (iH 4- 0) aE oE 









8«, 







(iG + w^ a«s 



o/3i 



a no. 

(XX) ^ + (XY) 






A- 



aE 



aaj |-G- 4- ^(^ a^So 



0, 



U5^, 







aE 

9^Q 






^ ' + (XZ) 



A ' a^e 







a^ 



1 



^+i^M| ^ (YY)- ^ 













H + ^ 3^0 



+ (YZ) 






oE 



0. 



22. This system must be rendered complete by the addition of the Jacobi-Poissok 
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conditions. If, when complete, the system contains N equations, then it possesses 
23 — N functionally independent solutions. Among these are to be included — 

(i) The original differential equation F = ; 

(ii) The three derivatives of F = with regard to x^ y^ z^ respectively ; 

(iii) The two distinct integrals of 

dx dy dz 

say these are ^, rj. 

Putting these on one side, there are thus 17 — N new functionally independent 
solutions, so that N must be not greater than 16 in order that the method may be 
effectivOo If, when N =::: 16, the solution is u, then 

where xfj is arbitrary, is an equation of the third order that can be associated Avith 
the given equation. 

The same process, with corresponding results when the appropriate conditions are 
satisfied, is adopted for the alternative linear equation 

arising out of the reducible characteristic invariant. 

23. An example in which no equation of the first order involving only one arbitrary 
function, or no equation of the second order involving only one arbitrary function, 
can be associated with a given equation of the second order, is furnished by 

7 . /» . -^ 2Z — m — n 

The general primitive is 

„ = F + G + 1 (^ + 2) {Fi - F, + G, - G,} 

+ A (2/ + 2)' {F„ - 2Fi, + F,3 + G,, - 2Gi3 + aj, 
where 

F == F {^3 + ?/, z), G = G {x + z, y), 

and the subscripts 1, 2, denote derivation with respect to the first and the second of 
the arguments in the respective cases. The associable equations are of the third 
order at lowest ; and. they are 

o^o - 3/3o + 37o -K = {y + ^) ^ (^ + ^. ?/). , 
^0 — 3^1 + 3^2 ~- 063 ^{y '\' z) ^? {;x + y, z), 

where * and "^ are arbitrary. 

In a similar way in part, and by induction in part, it may be proved that the 
intoOTal of 



... I /» T '""^ """" '^^ ~~" r\ 

a — h — q + f + i ~~~~ = 0, 



44 PROFESSOR, A. R. FORSYTH OK THE INTEGRATIOH OF 

where I is a positive integer, can be expressed in finite terms. To express the 

integral, let 

' F (a, /3) === F, where a ^^ x -{- y^ (3 ^=^ z^ 

G {a\ ft') z=z G, where a =. x + 0, ft' :=i y ; 

3 9 9 9 

and denote by A the operation -^ — ^ 'p;^ ? t>y ^' tlie operation -^-^, — ^-~> 5 so that 

^ _ 9f _ 9F d^i^ ^ g^F . dT 



rf-^ 



rhen the value of v is 



BF 


8F 


maaaaa 

dx 


8^' 


aa 


aa 


c3«' 


"a^" 


^F 


4-G 



8^2 ^8«ay3 ' 8;82' •■ 



+ 1 {y + 2) (AF + A'G) 

4- 



9 « e 



+ [fi^flTitf! (^ + ^)' (^'F + A'^G) 



+ |l (2/ + 2)' (AT + A"G). 



24, But it is necessary to take account of what has been achieved when one 
equation or when two equations (say of the second order) have been obtained 
compatible with the given equation and involving each one arbitrary function. 
The method adopted in | 11 to pass to the primitive has manifestly no element of 



generality. 



>w the three equations are not sufBcient to express a, ?>, c, /, g, h, in terms 
of l^ m, n^ and the variables ; but they frequently will serve to express groups 
of combinations of a, &, c, f^ g, h^ in terms of those quantities. Thus the three 
equations in § 11 suggest combinations a — h^ h — 6, g —/(which are the derivatives 
of ^ — m), and a — g^ li -— f^ 5^ ~~ ^ (which are the derivatives of ? — - n). This, 
however^ is only a slight modification of the former method ; it, again, has no element 
of generality. 

Another plan would be to differentiate the three equations up to any order with 
the hope of determining all the derivatives of the highest order that occur in 
terms of derivatives of lower order. If this were possible, substitution in the 
equations of differential elements such as 

dl = adx + ^^dy + gdz 

and successive integration would ultimately lead to v. It appears in general, how- 
ever, that relations of interdependence among the equations prevents them from 
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being adequate for the purpose at any stage; the relations are, in fact, satisfied 
conditions of compatibility. This method is, therefore, ineffective. 

An effective method can, however, be obtained as follows. Restricting ourselves 
for the moment to the equation of the second order with two compatible equations 
also of that order''' — the restriction is made only to simplify the explanations — we 
have V as expressible in terms of two arbitrary functions. Hence each of the 
quantities I, m, n (and therefore any combination of v, I, m, n), can be expressed 
in terms of two arbitrary functions. Now in one of the compatible equations we 
have one arbitrary function which is to be identified with one of the arbitrary 
functions in v; hence it is to be expected that a proper combination of v, I, m, n, 
is an intermediary integral of that equation involving a new arbitrary function, which 
must be identified with the other of the arbitrary functions in v. 

Similarly for the other of the compatible equations, there is an intermediary 
integral involving the two arbitrary functions. The conditions of coexistence of the 
two intermediary integrals must be assigned ; it will appear that, if the conditions 
are not satisfied identically, they provide the means of identification of the various 
arbitrary functions. 

It is to be observed that the intermediary integral or integrals thus obtained 
cannot be regarded as intermedieiry integrals of the original equation in the ordinary 
sense of the phrase^ for each of them, involves two arbitrary functions. But they 
are intermediary for the respective compatible equations : each of them involves one 
arbitrary function more than occurs in the compatible equation. The result mani- 
festly does not imply that the original equation possesses anjr intermediary integral ; 
in fact, the assumption throughout our investigations has been that no proper 
intermediary integral exists. 

25. A methodt has been given elsewhere for constructing the intermediary integral. 
In effect, it amounts to the use of the conditions which must be satisfied in order 
that the derivatives 

mil + h%n + g%i + ^.^ =^ ^ 
hui + hii,^ -f fit,, + Uy = )> 

gill + fu,n + CMn + ih = 

from the supposed integral 

u {I, m, n, V, X, y, z) = 

shall cause the compatible equation 

© (a, ... , h, I, m, n^ v^ X, y, z) =: 

to be satisfied without regard to the values of the differential coefficients of v of 

* The explanations will be seen to apply, mutatis mutandis, to other cases of the second order, and 
indeed to cases of any order, when compatible equations are known. 
t In the memoir cited in the introductory remarks. 
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the second, order. These conditions are the vsimultaneoiis partial differential equations 
of the first order determining it. 

Thus, deahng with the case of § 11, when the compatible equations of the second 

order are 

, ^ , 2/ •— m — n 

a '— 2h -{-!) ■=! {y '-\- z)9{x -{• z, y)^ 
a -- 2g + c — {y + z) r/> {x + y, z), 

we know that the first has no intermediary integrah As regards an intermediaiy for 
the second, substituting for a, h, e, from the derivatives of the ?i-equation, the result 

must, gild equation mf, g, h, be evanescent ; hence we find 

ii(^m + %)-^ = 0, u,, = 0, — "- — -^ — (?/ + z) 6 ; 



"ibi it 



M 



that is, the equations for u are 



(3'W. 



?)% 



0, 



(hi, . du 

()L 0711 



? 



a^ - ai; + (^ - ^'^) a. ~ ^^ + '^ am ^ = ^- 

The system is a complete system ; hence it possesses four functionally independent 
solutions. Writing 

these four solutions can be expressed in the form 

z.x-^- y, 
l-m-{y + z) {g^^ - 2g^c^ + r/^,) «^ p^^ + g,^, 

and another involving v^ which would require either the arbitrary constant or the 
arbitrary functional form to which the third would be equated. (The fourth is, in fact, 
a primitive of the compatible equation under discussion, though it is not necessarily 
the common primitive of the three simultaneous equations.) We thus infer that 

/ _ m -^ (^ + ?j) (,9ii - 2(/^2, + (/go) - g^ + go, ^ ^ {x + y, z) 

is an intermediary of the second of the equations. 
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In a similar manner, by writing 

it can be shown that 

l^n-iy ^ z) {/[, "- 2/;o +/,,) -/i 4-/2 = X ('^ + ^^^ 'If) 

is an intermediary of the third of the equations. When the conditions of coexistence 
of these two are assigned, they determine the arbitrary functions \jj and x ^^ the 
forms 

^ = -fi +f2^ X^'- - ffi + 9^ ; 

so that we have 

I -. m z=z {jj J^ z) {g^^ ~- 2g^^ + ^22) +gi-g2-fi+A 

l^n^ (;y + z) {J[^ - 2/^^ +f^^) + /, - f^ - c/^ + f/o 

and the primitive can be obtained by the customary process, leading to the form 

v = 2f+2g + {y + z) (/^ -/^ + ^1 - g^), 

where f =^ f {x + y, z) and ,g =z g {^x -^ z, y) are arbitrary functions. 

26. If one or both of the equations compatible with the original equation were of 
the third order^ we should then seek an equation of the second order involving 
one arbitrary function more than that equation of the third order ; and we should 
proceed in a manner similar to that of the preceding plan, the conditions of coexist- 
ence of the different equations furnishing the means of identification or comparison 
of the arbitrary functions that occur. 

If there be no equation of the third order, we should similarly proceed to obtain 
possible equations of the fourth order, if any; and so on with the orders in succession. 
The method is one of general application if equations of any order compatible with 
the original equation exist. 

Section III. 

Eqtmtions having an irresohihle characteristic invariant, 

27. The investigations contained in the preceding sections of this paper have 
referred for the most part to those equations 

F (a, 6, c,/j g, h, I, m, n, v, x, y, z) =^ 0, 

whose characteristic invariant 

,d¥ . dF . ,3E dF oF . dF 

^^ a^ +P^?J + ^^ dh ~^^" -^ 2a^ + a.' == ^ 

is resoluble into equations that are linear in p and q. Those contained in the present 
section refer to equations whose characteristic invariant is irresoluble. 
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111 the first section (§ 2), a generalisation of Ampere's method was dealt with very 
briefly, partly because that method and Darboux^s method apply most efiectively 
to equations in which (with few exceptions) the derivatives of the highest order 
occur linearly ; and, of the two^ it is Darboux's method which can be more effectively 
applied to other equations* The fact that the characteristic invariant was resoluble 
proved of material importance in the general theory^ 

It is to be remarked, however, that some of the equations which occur most 
frequently in mathematical physics, for example 



(rv 






(7W 






1^ 
0^0 












^0 '^.T 



0, 






dp 



the latter two being, for purposes of application, made to depend upon tlie equation 



d^v dH dH 



K%^ 



belong to the class which have their characteristic invariant not resoluble, and at the 
same time are linear in the derivatives of the highest orders that occur. Accordingly 
both Ampisre's method and Darboux's method generalised can be applied to such 
equations. 

Moreover, the generalisation of AMPiiRE's method can also be applied to equations 
of the form 



wher 



6 



8^ 



ae 



ca CO cc of eg 






■ 3@ 



dh 



+ A^a + Bj^S + C% + Fj/ + G^g + ^J^ = U, 



@ = 



a, 


h, g, 


h, 


&, / 


9, 


/ c, 



and the quantities 6^ A, . , ., H, Aj^, . , ., H^^^ U, do not involve derivatives of the 
second order. For, when the equation is transformed by the relations of § 1, it takes 
the form 

J 4" cl = 0, 



where I = is the characteristic equation ; in other words, taking account of I ^ 
we must associate J ^0 with it as an equivalent to the postulated equation. 
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28. We consequently begin with tlie generalisation of Ampere's method. Let the 
variables be changed from x^ y, z^ to x, y^ ii, where tt is a function of x^ y, z, as yet 
undetermined, so that z is a function of x^ y^ % as yet also tmdetermined. With the 
notation previously adopted, we have 



dw 


I -- np, 


dy 


dl 
dx 


— ^^ -"F 9P^ 


dl 
dy 


dm 
dx 


-h +/j), 


dm 
dy 


dn 

dx 


= 9 + <^P-^ 


dn 
dv 



= h + gq, 

" & ■\- Ah 

= / + oq. 



dv 
dto 


dz 
du 


dl 
dto 


dz 
^ du 


dm 

difj 


^ du 


dn 


dz 



>•> 



du 



difj 



-/ 



and therefore, from the equations involving derivatives with regard to x and y alone, 
it follows that 



dl 



dM 



a = v — p -T — I- p%, 

dx ^ dx ^ 



9 



dn 

dx 



pc, 



h 



dx 

dl 
dy 



f = 

dn . 

V ^ + P^P 

dn , 



dm 
dy 

dn 
d.y 



r 



dn „ 

<1 Zf- + T<^' 



dy 



qc, 



so that we have 



dm 



d 



X 



P 



CIX 



dn dl 



dy dy 



<1 



dn 
dx 



which is the condition in order that the necessary relation 

dj I dv \ ^^ d I dv 
dy \dx ) dx \ dy 
be satisfied. 

When the postulated equation of the second order is such that, on the substitution 
of the foregoing values for a, 5,/, g, h, it has a linear form in o, let it be 

J -f ol — 0, 

Suppose that the variable ti (or z as a function of ^i^, ?/, u) is determined so that 

I = 0. 



which, after the earlier explanations, is the characteristic invarie 
have also 

J = 0, 
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; then we 
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The system of equations now is 

I =:= 0, J ^^ 



"^ 



dm dn dl dn 

dx ^ dy dy ^ dx \ 

dv -J , dv . 

zz: i + np^ . ' =: m + nq 

CvXj 1 1 if 

involving the quantities l^ m, n^ v^ z, as functions of x and y. In all the derivatives 
here contained, u is parametric ; and consequently all the constants that arise in the 
integration are constants on this supposition : in other words, all of them are functions 
of u. Consequently, when the integrals of the system are obtained, one constant (at 
choice) can be taken to be ii ; all the other constants are then functions of ?/, 
arbitrary so far as the system is concerned ; and any arbitrary function of x and y 
that occurs is also (possibly) a function of it. In order to determine the limitations 
on the arbitrary functions, the equation 

dv dz 

du dvj 

must also be satisfied ; this equation will usually give relations among the arbitrary 
functional forms, or will determine one of them. 

29. The relations thus obtained constitute an integral of the equation. For 
suppose that in the expression for v w^e consider u ehminated in favour of z ; then 



But also 



whence 



dv:=^dx + ^dy^~^(p dx Jrqdy-\-f^du 

-, dv J , dv 7 . dv f 

dv := ~- ax + -V ^^V + '■/ ~ ^^^^'5 

dx ^ dy '^ dio 



dv cv dz 

dto dz du 

dv __^ dv dv 

dx dx -^ dz 



d.v dv dv 

dy dy ^ dz ^ 

and therefore, comparing these with the equations of the system leading to the 
integral form, it follows that 

^ 9^ dv dv 

dx cij cz 



Next, take a quantity c such that 



dn d.z 

dVj du 
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Since 

(1/0 J , dv clz 

ax -^ cm (lib 

are satisfied by the integral relations, we have 

d ,^ . X d f dz 



(? + n2))= v- n 



du ^ ^ ^ dx\ die J^ 

and therefore 

dl . dn dn dz 



dtt ^ du dw dn 



i 



d '?' 

the terms in , ' cancelling ; consequently 



drxdii 



dl^ __ Z*^^^ \ *^^ _ ^^ 

du \dx ^ I d%b ^ dih 



Similarly, from. 



we find 



dv , dv dz 

~- = m + ng, -7-- = n -- 

dy ^- dVj du 

dm J, dz 

du '^ dM 



the quantities g and / which occur here being those which formally occur in the 
derivatives of I, m, n, with regard to x and y. 
Again, we have 

u^v lP'v w"v dz 



whence 



^ dv ,^ dl J , dl y , dl J 

a-^- = a^ z=i -— dx+ -~- ay 4- ~T~ du, 

av dx dy ^ dih 

dl 3^^? dz 
du dxdz du^ 

dl 3^^? d^v 

dx dx^ *^ dxdz^ 

dl dH , 3'^^; 

dy dxdy ^ di. 



X oz 



and therefore, comparing with the former equations, we have 






% 



fe^' dxdy^ "^ 3a? 3^* 

Similarly we fi.nd 

^ - 3/' - - a^,' ^ = p- 

Now, when we take the combination 

H 2 
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o "J- C.i "^^ U| 

and eliminate the derivatives of l^ m^ n^ with regard to x and y, we have the original 

equation 

F = 0, 

or the original equation is satisfied in virtue of the integral system. But. from this 
integral system, the value of v is such that 

, /a 3 a\ 

^. ^. ^1 /. gJ^- |^^2' Qy,^ 0^5 e^a/ a^a:^' a^a^// ^^ ' 

and therefore i; is an integral of the partial differential equation. We consequently 
have the theorem— 

When an equation F = of the second order is transformed into J -{- cl := hy 
means of the equations 



dl dn , g 7 dm dn . 

dx -^ dx ' -^ ^ dy ^ dy ■^" 

dn ^ dn 



2 



C 



h 



dm dn 



-^ dy ^ -^ I 



c?^ dn ^ 

q — JL qyqQ 



an(i it'/ien, w the integral equivalent of the simidtaneous system 





I - 0, J = 


dm 

dx 


d7h dl 'dn 
^ dy dy ^ dw 



I 

dv 7 , dv . I 

— - = ^ 4- np, -- = m + t^g 

aZ^ the arbitrary constants are made functions of a parameter u, and the arbitrary 
functions of x and y are also ^nade functions of u, subject to the equation 



dv dz 

dn dn 



J 



(ivhich, in fact, ivill generally determine either cm arbitrary function or relations 
among the arbitrary functions), then the value of v thus obtained is an integral of the 
original equation F = 0. 

30. The integration of the equation F = is thus made to depend upon the 
integration of a simultaneous system involving fewer independent variables, and 
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upon the subsequent determination of the arbitrary functions in the integral equiva- 
lent of the system. A question therefore arises as to how an integral equivalent 
can be obtained. At first sight it seems that, as the number of equations (being 
five) is equal to the number of unknowns {l, m, n^ v, ^) to be determined, Hambueger's 
method'^ might be applied to our special instance, though not when the number of 
independent variables in the original equation is more than three. But, as a matter 
of fact, one of the equations of the system is a functional consequence of two others ; 
viz., the equation 



dm cln ell dn 



dm ^ cly dy ^ dm 



is a functional consequence of 

dv J . dv , 

— == ; + np, ~~~ = m + nq. 

ll'<v tvif 

It thus follows that there are only four equations independent of one another 
involving the five variables ; consequently Hamburger's method does not apply. On 
the other hand, the inference is that, as the equations are fewer in number by unity 
than the number of variables to be determined, one arbitrary element must exist 
in any general integral equivalent. This arbitrary element and other arbitrary 
functional forms, by the foregoing theory, are determined by means of the equation 

dv dz 

mi du 

so far as they can be made determinate. 

It is therefore necessary to seek for some integral combination of the subsidiary 
system, apparently without at present having any perfectly general process of 
constructing such a solution. It may, however, be pointed out that, as there are 
four independent equations involving five quantities, they can be used to determine 
four of them in terms of the remaining one or, more symmetrically when this is 
possible^ to express all five of them in terms of some variable. When such expres- 
sions have been obtained, they are to be substituted in 

dv dz 

dn cm . 

the full solution of the resulting form of which equation will then serve to determine 
the quantities. 

We proceed to consider one or two examples in connection with the foregoing 
theory and explanations, dealing particularly with well-known equations. 

* Ceelle, t. Ixxxi. (1876), pp, 243-281 ; '^5., t. xciii. (1882), pp. 188-214, the number of indepen- 
dent variables being two, and tlie number of equations being equal to tbe number of dependent 
variables. 
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Application to VH = 0. 



31. When the method is applied to the potential equation, which is 

with the present notation, the substitution of values (say of a and h) is required to 
lead to a result evanescent so far as the determination of coefficients of the second 
order is concerned. The substitution gives 

dl dn dm dn / 2 i o , n \ n 



dx 



BO that we must have 



dx 



dy 



dy 



dl 



CiQ} 



P^ + 2 + 1 

dn , dwj 

^ dx dy 



q 



0, 

dn 
dy 







and the differentiations with regard to x and to y in these relations are effected on 
the supposition, that the unexpressed variable u is constant. 
The subsidiary simultaneous system thus is 





P' + 


g'+l 


— 





dl 
clx 


dn 
^ dx 


dm 
'^ dy~ 


■1 


dn 
dy ~ 


dl 
dy 


dn 
•^Pdy 


dm 

dx 


•9. 


dn 

dx 




dv 
dx 


— . /I + "^W 






dv 

r1 ni 


= m + 


nq 





\ 











> 



J 



When Hamburger's method^ as expounded in the second of his memoirs already 
quoted (§ 30), is applied to this system, it is found that the algebraical equations for 
the determination of the subsidiary multipliers are inconsistent with one another 
unless all the multipliers are zero ; there is then a null result. Accordingly integrable 
combinations must be obtained otherwise. 

Now the general solution of the equation 



3 



p^ + g^ + 1 







is given by 



p = constant, q = constant, 

z — px --' qy ^ constant. 
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these constants occurring in association with u constant. We may, therefore, assume 

z =z lb -{- xp (u) + yq (u), 
where _p and q are arbitrary functions of it, subject solely to the condition 

p3 + q^+ I = 0. 

Because the differentiations with regard to x and to y are effected on the hypothesis 
that It is constant, the other equation can be taken in the form 

i" (i - np) + '^^ (m - nq) = 0, 
80 that a function ^ o{ x and y (and possibly also involving it) exists such that 



Moreover, we have 



consequently 



7 d^ d^ 

^ dy ^ doc 

di) di) 





21 = 


dv 
dx 


"^ dy 




2 m — 


dv 
dy 


dx 


dv 

dx 


dv 




2nq = 



-^ ^ dv , d^ 

2np = -z 7- 5 2^(7 = -; — h "r 

^ dx dy -^ dy dx 

From the last two equations, it follows that 

/dv d^\ /dv d^ 

^ \dx dy J -^ \dy dx 

and thence that 

Consequently a function to of x and y (and possibly also involving tc) exists such 

that 

'c- dto 

^yo+q^=--^g, 

^ d'W 

I 1 b ^^^ 

whence 

^^ dio dw 

^ dx ^ dy 

^ dio dw 

^ =: q - -- -— p -J- . 

■^ dx ^ dy 
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Substituting these vaJues, we hav^e 



Q 



2 m 



2n — 



p 


dho 

dx^ 


+ 2g 


dho 
dx d.y 


6ESS*?1 


P 


cPio 


9 


dho 
"dx^ 

dho 
dx^ 


+ 2p 


dho 
dx dy 


&s^bl>saa 


g 


dho 
df^ 

d'ho 
dy'^ 



Tiius far account of variations with regard to x and to y has been taken, 
as regards variations of u^ we have 



But. 



dv 
dto 



d:- 



^ 



71 -T- ? 

d'li 



that is, 



dio 



dio dto\ ^^_^ /dho 

J rJn^ *^ -^ dy / 



dx 



dx^ 



d^'w' 



iVl 



where A denotes 1 + xp^ + yq\ This is the equation of limitation upon the form 
of ID ; if its general integral were known^ the general value of v could be deduced. 

2. Before proceeding with the consideration of this result^ it is worth noting the 
relation of the equations 



I 



np -=■ 



dy 



m 



nq 



d 

dx 



to the original equation. Because 

Z':^u J^ xp -^ yq, 



it follows that 



1 a 



10 



1 a 



u 



13 dx q dy 



Olb 



where A denotes 



so that 



1 + xp + yq\ 



I 



m 



np 



nq 



vt , c 
cy -^ o 



Ci 



'^ 



f 5 



OX 



P r. 



•3^^ 



when in £ substitution for ii is made in terms of x^ y^ z. From the former we have 









g — cp) ^- np ^ 



ax dy 

33^ 



4" ^/ -> '^ 

'^ ox Ox 



&t , ot f oio 



+ ^ ■ q ^ 



dy d: 



+ 9 ■ gj '^ + gr ^ 



^6 



a,^ 



and from the latter 
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b — fl — nq 



,3 



U 



dy 



f-n 






dxdy 



d.v dz 



dy dz 



dz ^ By ' 

dp . du 

dz ^ dz 



Multiplying the second of these equations by p, the fourth by q^ and then adding all 
four, the function ^ is eliminated, and we have 

33. Again, the general theory in a preceding Section (see particularly § 4) 
immediately suggests that u occurs as an argument of an arbitrary function. This 
being so, let the . variables be considered as transformed to x^ y^ u, where it now is 
known, and effect the transformation directly upon the equation 



We have, for any function P, 

ap , . ap , , ap 7 

^"" ax + ^ ay + p; <^i'^ 

(j3G GU (JZ 



so that 



a -{■ h -\- c ■=. 0. 



c/P , , c/P 

C/ /VJ i 

cix a/y 



mi 



^^ + "7:^^ + 1 — r (^fe 



clx 



d^ 

dx 

d 

dy 

a 

dz 



clu Zi 



1 

clx 

dy 



q d 

A chi^ 

1 d 

A dm 



pdx -^ q dy), 



We thus nave 



as. 



V 



'A 



a^v 
a^'i? 



dh) 

cPv 
dy^ 



p dhi f^ cPv 



Zj 



A dxdu 

g dH 

A dy d% 



+ 



^ dh 



dv 

du 

dv 

du 



1 d?'V 
A^ du^ cki 



A 

M 

A 



% 



9 T- ^3 



r 



(a^y^ + 2/?") 



+ -^3 W + 3/?") 



whence, adding and remembering that a + & + c = 0, it follows that 



dH dh) 

tvX tvli 



A 
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dH 
dx du 
I 



+ g 



d}v 
day duj 



0. 
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It is immediatelj obvious that one ^o^t^i^^'on of this eqimtion (and therefore of the 
original equation) is given hy equating v to any arbitrary function of u^ a result that 
admits of simple verifieatlon.'^^ 

34. But it is not at first si^ht clear how this solution connects itself with, the 
general solution indicated in § 31 ; the connection can be made as follows. 

The general value of v is 

dta " dw ' ' 
^ fix -^ d/y^ 

if this is to be an arbitrary function of u, BB.jf{u)^ as for the solution under considera- 
tion, we must have 



d/iv , dio ', . 
^ dx -^ dy ' ^ ^ 



and consequently 



X 



»=-/(.) + G{»,P'. + «W, 



where^ so far as concerns this relation^ G is any arbitrary function of both its argu- 
ments. Writing 



this is 



X 






SO that 



dho 






dx^ ■■ dif 

dhu f ,'^Qk 



F? 



Now 



d,x dy -^ v-Tj 

d^w __ f^ ^G 
dy^ 3??^ 



■p^ + 2^^ + 1 



Q 5 



* This result was piiblislied in tlie 'Messenger of Matlieniatics,' vol. xx¥ii. (1898) , pp. 99-118, in a 
sliort paper entitled ''Few Solutions of some of the Partial Differential Equations of Mathematical 
Physics." The form was altered from that in the text, so that it might be symmetric in the variables, 
and the theorem was given as follows :~ 

If p^ <!? '^'j ^^ three arhitrary funciions of u such that 

p3 4- ^^ + '^'^ =^ 0, 

and if ti he detennined as a function of x^ y^ ^, hy the equation 

cm = a?p -\- y<l -^ ^"^"r 
where a is any constant^ also if v denote any arhitrary fimdion of u^ then v satisfies Laplaoe's equation 
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SO that 



say 



and so 



Consequently 



o7 »-, '■ d"w dhu.. d^yj ^ \.^ d^G 

^ dx^ * ^ dx dy ^ dif' ^ drf ' 

271 ^ — 6' 



Now we should have 



that is, 



drf 



dv dz , , . 

.^=7^ 7.^ = ^1 + ^)^^' 



/'N=->^Mi+^)|^. 



from which the form of G is given by 

G=k (u) + ^B {u) ~ ^f {u) [(1 -h )?) {log (1 + r,) - 1}], 

A and B being arbitrary functions. 

The form of G is, however, not so important for the present purpose as is the value 

of d^Gjdrf'. We deduce 

^ C7)'' 1 + ?; 

and consequently 

I on n f (%) 



p q — 1 1 + ^^' + yq' 

being the proper values of /, m, n, as given by 

V = f (u) 

^ II -\- xp + yq 



7 



The particular solution is thus seen to be included in the general solution defined 
by the equations of § 31. 

35. It is worth inquiring whether, in the notation of the preceding articles, there 
is any solution of the potential equation which is a function of %h and r^ alone, say 

I 2 
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other than the sohition v = function of u alone. When the variables are taken to 
be X, y^ u, the equation to be satisfied by v is 



where 

Now 



cM cly^ A \f dm du ^ dy du. 
. ^ ■= 1 -f. xp + yq = 1 



.^ dm -^ dv ' x X 



so wiat/j as 



''V 



we have 



ivl) CyJ- I / 'ft f }\ ^■^■*- 



blS( 



also 



cPv . dH . ^f „. 8F . ,,^ ,^. 3F ^. 9f . 

^ c^^cfe ^ dy du- ^^^ It / ^^j \r ' -^ / g^j 9^ 



dv , d'F dH ,^ 9^F 






a 



c?3/ -^ 3?; %^ -^ dfj 



s 



9 



and therefore 



dcG^ dy^ ^^ ^ ^ oif d'rf 



Hence the equation becomes 



and therefore 



3^" ^2_8F_ 



where ^ and t/r are arbitrary functions. We thus have the theorem''''— 

* This result can also "be expressed in tlie form symmetrical as regards the three variables. When 
thus modified, we liaYS the theorem— 

If p, g, r, he three arbitrary functions of u such that 

fp^ ^™ g3 ^ j-3 -— Q^ 

and if u he determined as a function of a?, y^ z, hy the equation 

cm = xp + yq + m% 
where a is any constant^ then^ tvriting 

v = -pi^O-^ -,+F(«), 

a •— mp — yq ---" zr 

where ¥ and Q are arbitrary functions, v satisfies Laplace's equation 

V% = 0. 
This theorem also was stated in the paper referred to (§ 33, note). 
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Ifp{u) and q{u) denote any functions ofu satisfy mg the equation 

f^ + (2^ + 1 = 0, 
mid if uhe defined by the equation 

z :=■ u -{- xp {u) -\' yq {u)^ 
then 

= A,(u\ + ^-^ , 

^ ^ ^ ' 1 + x;p' (to) + yq' {ib) 



V 



ivhere ^ and i// are arbitrary fmctions, satisfies Laplace's equation 

VH = 0. 

36. The solution just obtained can, like the solution of § 33, be connected with 
the general solution. Owing to the linear form of all the equations and of the 
expression for u^ it will be sufficient, in the first instance, to take the part 

'\lr(u) '\lr 



1 + "^ 1 -}-• '^ 

say ; because the term ^ (%i) in v is^ in effect, identified by the preceding case. We 
thus must have 

•^ dx dy 1 -f 97 

the most general solution of which is 

.^^ + H (t^, 77), 

where, so far as concerns this relation, H is any arbitrary function of both its 
arguments. We have 

dx^ ~ "^ (1 + T^f p + (1 + ^)3 -p " + -P dr)^' 
cPvj 1 q'-y^ 2x p'q^'^ , , 8^H 

-^^^ ; »,■.„ — -' II 111 ■ — — ■ ■ — - i M l u ll ^yy {y ~r — ■ , 

dx dy (1 + rff' p (1 + 1;)^ p ^ ^ Orf' 

dif (1 -^ 'Y]f i^ -^ ^yf 

and therefore, after some simple reductions on substituting in the expressions of § 31, 
we have 

^ „ _ 1^2J^ _ ^^^ Q% ±. ._ __J 0'I± 

^ dif (1 + 7])^ p (1 + rif p J 



62 



PEOfESSOR. A.R. FORSYTH OH THl INTEGRATION -OF 



But 



so that 



cirid ulioiis cis 



we have 



'f' 



chfj . clio 
^ aw •^- ay 



d ( dw 

P 



dAb 



tijj 



1 -I-- V du 



<l 



dvlD 



dy 









1 -f~ 1] 



diD 



vr 






1? 



(1 + Tj)' ^ -^ 



<i") ; 



9 



cPio 

7 



0, , .. \ 



c^%f; 






7 f> / 5 



^ 



(1 + ?7)^ (1 -f '??) 



" (a;^" + yq") 






dm 



X 



^ffi-r_- 



1 



.1 t 






an equation to determine H. 

Substituting the value of d^H/drj^ in the above expressions for I, in, n, we find 



I 



1 



(1 + vY 
1 



pxjj' 



^p'xjj -f ^'-^ji {xp" + yf)p^!j 



•% 



W 



tl 



(1 + v) 

1 



i#' 



(1 + 7]) 

(1 + v)"^ (1 + -J?) 



ill »4»- 



rs (a^p" + ^2") Q'P 



> 



(1 + ^) 



3# 



(1 + '??)' 



^f'' + ml ^ 



-»/ 



which are the proper values of ^ m^ n, as given by 



V 



'^ (;ll) 



-^ 



f 



/y »w«*«>o«a^ 









The value of H is not req^^ired for the pi^eceding investigation; but^it can be 
actually deduced from the preceding equation. We have 



J 



also 



so that 



^p'' + y^^^ 



p q -^ q p. 



i 



ff 



^ 



// 



'V 



J (rj - xp') + ap" = ^-rri + f/ {p"q' - q"p'), 



9. 



1 



P 



^ i-p^W - s"9pO = -^y- (PF^' + qql 



2^ 



/p'^ «.L, (/^ 



iX. 






' i t! f tf r 

TKP q -qp 



Thus the equation for H becomes 



y 



Y" 



jf 



(1 -f- Qjy' \ q 



' ft" rt \ 



1/>r 



frSK**":^** 



p j {I + rif 



e 



F 



9 



(J: 



^ p' 0% 



w 



7) 
J. 



'2 






fr, 



d^^f 



1 ^9^-^ 



d?}^ (1 + '?;)"^ 2^ (1 + 7])^ p ' 
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6? 



D 



the term involving x explicitly vanishes, as it shouklj and therefore we have 







dm 






3 rv' f 



2 



i 



(1 + ^?y q 



ft 



yij + 



9, 



9 



Hence 
H (u, rj) 



1 



(1 + 'rif q 



// 



11/ '""'!'*' 



(1 + r,f 



2 



1 
9. 

0' 



// 



2f 



.P 



\jj 



xj/^ 



(1 + 7)f \ e 



xjj^i/i. 



j^^xfj + rjB (li) + A (b) + 2 -^£-^~^-^ [(1 4. 'j^) pog ^14.^^ 



14'}? £^# 



in, 



the explicit value of H, where A and B are arbitrary functions ; and thus the value 
ofw is known. But, as already remarked ^ the value of d^H/drj^ is sufficient for the 
identification of the solution. 

37. After the preceding investigation, it is natural to inquire whether a solution 
more general than that which is expressible in terms of u and rj, and the form of 
which has been suggested by the theory, can be obtained directly from the original 
differential equation. 

When the variables are taken to be. x, y, ii, where , 



"S 



z := xp -{- yq -\" u 

== p^ 4" 2^ + 1 



> ? 



►-^ 



p and a being functions of t^, the equation a + 6 --f c =: becomes 

■fill •JLk \*-*if *•■ 






I 



djH 



iM 



where 



ay- 



Let i be defined by the equation 



[ m — ^ — ^- U— Q '- 
1 + rj Y ^^ ^ ' 



I zzz xp'' + yq', 






0. 



BO that t/., ri^ 4 are three variables functionally equivalent to x^ y, z\. and let us 
inquire what solutions of the form 



are possessed by the foregoing equation. We have 



P 

P 



ft 



Iff 



qe, 

q& — pi 

06" — 3p00' — gd^ 



a 



q 
2 



/(*; 



/// 



p9'' — 3$^^' + p^^ ; 



so that 
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p'3 + ^'2 - 


:~^^ 


/ // Iff 

pp +gg - 


: - 66', 


/'2+ g"^ = 


~- 6'^ ■ 


pp +52' - 


.6\ 


PP +^2 - 


: %66\ 



quantities which occur in the substitutioo. Now 

flH (f'V tfi'V S^F 



similarly 



and therefore 



Again, 






// I „,^// ..^^_ Z12 



SO thatj as 



we have 



p-h-^ii^j^'^pp' + ^i^ 

dv 3F , y dF . ,ff ,;,. BF 

du du ^ ^ 897 ^ "^ ' ^^-^ ^ 3^ 



dh) dh) f)^V 3F 3^F 

"^ dxdu ^ dydti ctco^ ct] o^^b 

+ ipp'" + 22'") I + 0' i^p'" + yf) % ' 

Taking account of the values of '^ and 4 it is not difficult to prove that 
consequently 

^ d^f?t^ "^ ^ #cfe "^ ^ tateSf + ^3^3r • 3^ J 

r)F S^F 

and the equation satisfied by F becomes 

33F 0^ /3F 8^-F \ / 0^ \ S^F ^^' 3F 

+ ]-"^-^ {^'^ + ^* 4- 7? (2^r - 5r - 6") + e^^'O |1 = 0. 
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fiD 



We can at once infer the result of 8 35 as to the solutions which, beino' of the 
suggested form^ explicitly involve it and rj only; but other solutions in a finite form 
do not suw'est themselves. 

38. It need only be remarked that, with the slightest change of notation^ all the 
preceding results can be associated also with the equation 



d^v 



where c is a constant. 



av' oy 



3 












Application to V% + kH) ^^ 0. 



39. Consider nextj but more briefly, the equation 

where k is a constant ; in our notation, it may be written 

a -^ h -{- c -^ K^V =:^ 0, 
The characteristic invariant equation is 

I =: p^ 4- g'2 + 1 = 0, 

the same as for V^v = 0. Substituting for a and h their values as given in § 1, it is 
seen that, on account of the characteristic equation, the term in c disappears from 
the result ; and we have 



tj -^ 



dec 



dn dm 

p — I . — . 

^ dx dy 



dn . o 
■^ dy 



0. 



The subsidiary system thus is 



dmi 



T A T . 

dn dl 







"^ 



-■t/^ 



dn 

/V\ ^ iMiw u i n iw wa ^,, , „ ._., ^^^™« /^ ■■-■ - 

^ dy "^ dy ^ dm 



> 5 



dv 



I + np, 



dv 
dy 



m + nq 



the third of which is an analytical consequence of the fourth and the fifth. As in 
the preceding example, the general solution of I = is 

where p and a are functions subiect to the relation 

and in the subsidiary system the differentiations with regard to x and y are partial 
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on the supposition that u is the third variable : that is, in these partial differentia- 
tions in the subsidiary system^ ti does not vary. Consequently J = is expressible 
in the form 

~(? — np) + --;- (m ~ ng) + k^v rrz ; 



du: 



and therefore 

d^ 



{I 



d} 



mi) 4" T ' r ('^ 

^ ^ dx dnj ^ 

d} 



T~ir (^ "™ '^P) + T^ (^^ 

dm dy - ^^ dy-^ ^ 



m) 



nq):=: 







3 



dv 
dx 

dv 
dy 






1 



> 



^ 



so that 



d} 



dx^ 
d? 



\ 

At i^ ) ^ + 






d^ 
^ 4" To + ^^ 



m 



m 



P TjJi + 2 



ff. 



73 



dxdy -^ dip' 



p 



K n 



I 



> 



(I 



,.</ 



ir } n 



^ 



Operate on the first equation with d?\d'y^ + /c^^ on the second with d^\d'X dy^ and 
subtract ; then, dividing by /c^, we have 



r/' d^- \ 



\, / # , ^ # # A 



Similarly 5 operating on the first equation with d^jdx dy, on the second 
d^/dx^ + /c^> subtracting, and dividing by k^, we have 



with 



(P (P 



/ 



d 



# 



f^3 (P (P \ 

^ dMT -^ dx d/y ^ dAf ^ J 



It therefore follows that some function id of x, y^ and u exists such that 



I 



dfw dho d?vj ^ 

P ~f~r + 2o 7 — r- — p --z- — p/<%; 
f^'i;"' -^ dx dy ^ dtp 



^ 



m 



n 



dhfj 



cfo;' 



(^^■i(; 



<&■ 



rrTi|Tiim 



'PtO 



dx dy 

4 ^<^W 



"i" 0^ 



r^^^{^ 



.7^^ 



^K^t^ 



r 



but, so far as the subsidiary system is coneernedj tv is perfectly arbitrary— a result in 
accordance with the general explanation of § 30, there being only four functionally 
independent equations for the preliminary determination of five quantities. Also 



I 4" "^"ip 



m 4* nq 



^ , dhv , dho 

2 ip 7a + '1 



dxy 



dx dy^ 



dv 
dx 



^ , dhv , dhv 

2 ( p 4 Q 

\r dx dv ^ 



:V 



'41 



'ifi 



dy 
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lieiice 

2 / clw , cVw\ 

no arbitrary function of u needing to be added, for it can be considered as accounted 
for in tlie arbitrary function id. 

But noWj regarding variations of ii^ we must have the equation 

dv dz 

dib ' dib 

satisfied ; that is, the function 'W must satisfy the equation 

^ d ( dio dw\ /dho dho ^ \ 

dii \^ dx ^ dyj \dd'? dy^-" ) -^ 

where A denotes 1 + xp' + V^/* -A-S in the former example, this equation imposes 
the limitation upon the arbitrariness of iv ; when its general integral is known, the 
most general value of v can be deduced. 

40. It is an inference from the general theory that the quantity u, determined as 
a function of x^ y, z^ by the equations 

z z=. u '■\- xp (u) + y(i (^^) 

is an argument of the arbitrary functions that occur in the solution of the equation 
V^v + K^v =: 0. We therefore transform the varisibles from x^ y, z, to x\ y^ u, where 
'U now is known ; and the result, obtained by analysis similar to that in § 33, is 

(P'o , dH , , 2 ( dH ^ d}'i) \ 

" ' -^^''^ ' A V dxdu ' -^dvdii 




Manifestly a function of ii alone is not a solution of this equation ; but, on the 
analogy of § 35, we are led to consider what solutions (if any) of the form 

are possessed by the equation, yj having its former value xj/ + yi/. When this value 
is substituted; the equation takes the form. 



wiiere 






?.3 - ^ rVZ ST + '^'F = '^> 



'-7 I /■), 

'^^ P \ 9.. ' 
Hence 

K 2 
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>so tliat^ as is a function of it only, we have 



K /t 



where A and B are independent of t^, that is, are arbitrary functions of ii. We tluis 
have the theorem"^^ — ■ 

Ifp (it) and q [u) denote any functions of u satisfying the equation 

rp^ -f- g^ + 1 ^Z Oj 
and ifu he defined^ as a function of x. y, z, hy the equation 

z-^:^ %b -^^ xp {u) + yq (u)^ 
cdso if V denote 



1 + o^y + ycf 

6 and \jj being cirhitrciry fanctions of ti, then v satisfies the equatio. 



The connection between this solution and the general solution indicated in § 39 
can be established as in the corresponding case of the potential equation (§§ 34^ 36). 

Apqotieat'ion to i^i i- ^— ■=■ /x ^,-"- . 

4L The preceding examples have led, in each case, to a solution which (tliough 
not the most general) v/as expressible in a finite fomn We now take one other 
example, viz.j 

which can be regarded as the equation for the variable conduction of heat in two 

* This result can also be expressed (see the paper already quoted, § SSj note) in a form symmetrical 
as regards the three variables, as follows :-— 

If ]py g, r, he three arhUrary functions of ti such that 

{pO0F + {2(«)P+{r(t0P = 0, 

and if u be determined as a f miction of x^ ?/, 0, hy the equation 

au :^ X]3 (u) + yq (^0 + ^'^' ('^0? 
a heing any constant, also if v denote 

a — x]p' •— yq ~ ^r' 
where (J) and \'r denote arhitr wry functions of u^ then v satisfies the aquation 



a 
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dimensions ; it will be seen that the general solution is not expressible in a finite 
form. 

The characteristic equation is 

say q :=^ — i; and then u is determined by 



z ~{- iy = X'p (u) + 'U, 
where j9 (u) is arbitrary. The subsidiary system is 

-. dfii , (in 
yt + , + ^ -r- = 
' dv dv 



•^ 



d/v 
da) 



I ~f~ ^P? 



dv 

d> 



m ~ m 



We easily lliid 



.J 






Id^ . d\ , /. d? 
+ y^-j ,,,+ /,- 



yp 



A 
% 



d 

%y V" ) "^^ 



and so we have 



V = 2i 



. ^/'Zf? 



"^ 



n 



m 



dy 

drlD 
df 

. dho 



ypiV 



dto 

y 

' d.x 



a/ifl 



yp 



d'W 



, dw 



> 



I 



. dho , d^-to 

2i + p 

dx dy ^ 



•> 











r 3 



J 



^ 



where lo is an arbitrary function of x, y^ and il But w^e also must have the equation 



dv 


dz 


- z: 


^ n -::- 


dlb 


d.u 



satisfied ; that is, we must satisfy the equation 



% 



. d^w 



dy chb 



dto i 

yp -^ - yw 



^■{l + »;/(«)} 



d^'W dw 

dy 



< ^ 



Lt't,L' 



If a general value of iv can be deduced^ then the general value of y could be 
constructed, and conversely. 

42. Taking z + iy = s^ % — iy ^ s\ the equation can be written in the form 






do 



OS 3s^ 4/0^ 
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a solution of which is given by 



V 



F {s, s') - 4 -'- 



a^E 



16^3 J. a^E 



7 cs ds^ 



T 



2! ds^as'^ 



where F is any arbitrary function of s and s\ Now the solution^ w^hich appears to 
be most frequently useful, of the original equation is obtained by taking 



V 



Yer^^' 



where jjl is constant, and V is independent of a:;. In this case^ 



V 



/xVe™^'^', 



and the equation for V is 



a^v 



as OS ^ 



y/xV. 



To identify the two forms, we must have 



F (s, s') 



4 



4 e^F ^i2 

^ y ds ds' + 2 ! \ 7 



2 a»E 



e o « 



J ''~" fXfO 






8 Z 



consequently 






/^"V 



\ 7 y 8s" &'■» 



/■ 



for all values of n, All the conditions are satisfied in virtue of 



a^v 
80 as^ 



i w^^' ^ 



and consequently the more general solution above obtained includes the less general 
solution customarily used when the arbitrariness of F is made subject to the equation 



a^E 
as a^ 



4 



a 



F 



This equation is of Laplace^s linear form with equal invariants^ which, moreover^ 
are constants ; hence- the whole series* of derived invariants is unlimited in number^ 
and the number of derivatives of an arbitrary function of 6' and the number of deri- 
vatives of an arbitrary function of s\ that occur in the most general solutioU; are 
unlimited in each case : that is^ the solution is not expressible in finite terms. 

* Darboux, ' Tlicorie Generale des Surfaces/ t, ii. 
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43, To see how this solution is included in the a^eneral solution of § 41, it is neces- 
Rary to determine a function tv such that 

say. NoWy for the derivatives with regard to y, s is parametric, being xp-^ ti; and 

,9' := s — 2iy. We thus find on integration 

1 4 

^mvq^ = ^ {x, u) + —T e^'^^'^# {s, s — 2%) dy, 

(f) being arbitrary, and s parametric in the integral. Evaluating the integral through 
integration by parts, and dividing by the exponential factor on the left-hand side, we 
find 

= w., «». IV^^ 

say, so that Wi is expressed in terms of x^ y^ ii^ and ty^ in terms of 5, s\ x. 

J3enoting derivatives of t% with regard to s, s\ x, by ZjZs^ S/Bs\ 8/Bx, respectively, 
we have 

this last change arising from the fact that every term in ?% satisfies the transformed 
equation because # satisfies it ; 

d . S d , ,. / B ^ S 

= ~ 2-^ ^7- , - , - z=z (1 4- xp)i -^- + -r- 



Consequently 



h' ' 



dm ^ ^ B$ "^ -^ "a/ ry Ss 8<< 






/ ? 



Ao 9 



#i£^3 . a^wg . a%% . 8^ a%^9 



Further 



di'# ^^-^^ as a./ ^^-^^ a/3 + ry i^u 

d?w^ , fk^i -l^'w/ d^ 100/ 



so that 
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(Ihv dw 

dij-' ' an' 



-Wc 



But 



and therefore 






4 Si/Jo 1 ^ 



'?! ^ e y - — - \y^p^(\) — ( ^^:: + ~z~ ) ^I>, 



r//^ 4/.rr/ \^^^ 






Now Ave must have 



that IS. 



and 1^ 



80 



dv dz 

(m cm 

(1 + •'^i^ ) ( ^ + "gl'j = (1 + '^^P ) ''^^ 
But, because v = cT>, ,9 = z -]- ^;?/, s' = s — {'!/, we hnve 

that iSj the foregoing vahie of n is the ;<;- derivative of v. Further^ comparing the two 
vahies of n, we find 

whence 

A being an arbitrary function ; hence 






the explicit value of w. 



Next^ for the value of l^ we have 



^ a^- rt<^^ dy dy \^ dnj ' dx. j 



from the value oiii\ just obtained ; and 



Hence 
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p , T + 2^T / =: — 4/> ^ ,7 + 4p~^--^7 + 4p -77 ITY^- 

. 8^ / 4 S \ 

= 4 . ^ 7- (p — - 77 tv\, 

7 Ss Ss^ 
^ d/if dx dy 7 §6" Ss' 8;t? 9.V ° 



or the value of I is the i:6'-derivative of v. 

Similarly for the value of m, The solution is thus seen to be included in the form 
given in § 41 ; moreover, the value of id obtained in the preceding investigation is a 
solution of the equation there required to be satisfied, 

44. It has been seen (§ 27) that the equations to v^hich the method involving 
derivatives of v, I, "in, n^ alone can be applied — -which method has been indicated as 
the generalisation of Ampere's for the case of two independent variables — belong to 
a distinctly limited class. Moreover, even for equations in this class, it may happen 
that an integrable combination of the subsidiary system cannot be constructed, or 
that the quasi-general process sketched in § 28 is not effective. Consequently it 
becomes necessary to have some other method ; and this is provided by wliat has been 
indicated as the generalisation of Daeboux's method for the case of two independent 
variables. 

In the discussion, we shall consider only the case when it proves necessary to 
construct the first derivatives of an equation F = ; but the explanations apply, 
mutatis mutandis, to other cases wdien second derivatives of F =:= and derivatives 
of higher orders should be constructed. Examples of the latter cases, when the 
characteristic invariant is resoluble, have already been given in Section II. 

45. The original equation is 

F (a, 6, c, f\ g^ h, ?, m, 7t, v, x, 7/, z) = 0. 
The characteristic invariant is 

A^y^ + llpq + B(f -^ Gp ^^\J^G = o^ 
and it is supposed to be irreducible. The subsidiary equations are 



dyj V/y/ ^^ dy 



\cuv ^ dx \dx -^ dill \dv ^ dii dx dv 



\dx -^ cm I \(ix ^ dy J \dy dy ) dx dy 

ri , A i^^4] ^^'^' \ . TT (df dc \ fdf do \ , ^ dc . ._, dc 

\dx ^ dx I \dx ^ dyy j \dy dy j dx dy ^ 
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and equations of definition and derivation are 



dv 
dm 

dl 



= Z + 7hp. 



ax 



dm 

d:p> 



dn 



dm 






9+ ^^^ 



dv 
dy 

dl 
dy 

dm 



■^ 



m + 7iq 



dn 
dl 



h -^ (jq 

/+ c(i 



> 



^ 



d-V 

d'lb 


d,z 
dib 


dl 
du 


dz 
^ dto \ 


dm 
du 


, dz 
"^ ^ du 


dn 
dib 


du 1 



I 



So far as concerns derivatives with regard to x and y^ there appear to be twelve 
equations, viz., the characteristic invariant, the three subsidiary equations deduced 

by takini 

HF D¥ D¥ 






'Dz 



and the eight equations of definition and derivation ; and the number of quantities 
to be obtained from the subsidiary system is eleven, viz,^ a, h, c,f, g, h, I, m, n, v\ z. 
On the other hand^ F = is an integral of the system, and it is a persistent relation ; 
consequently one of the set of three equations can be regarded as depending on the 
other two. Again^ from the equations 



dv 
d)) 



I + np. 



dv 



m + nq, 



we have 



dl du 

- 4- p — 

dl/ ^ dy 



dm . dn 

dx -^ dx 



identically satisfied in virtue of the values of dl/diJ, dm/dx, dn/dx, chi/dy, given by 
the other ec|uations of the set of eight ; hence one of these can be regarded as 
dependent functionally on the rest, and the set of eight are therefore equivalent to 
seven only. 

The whole set of equations in the subsidiary system, involving derivatives with 
regard to x and y, thus contains ten independent equations ; and eleven quantities 
are to be obtained. Hence it may be possible to express ten of these in terms of 
one of them, or to express the whole eleven in terms of a single new quantity, 
arbitrary so far as the set is concerned ; its arbitrariness will then be Hmited so that 
it shall satisfy the subsidiary equations involving derivatives with regard to il 

46. The relations thus obtained, as satisfying all the subsidiary equations, con- 
stitute an integral of the equation. 

This result is established by an argument similar to that in § 29 for the case when 
the subsidiary system is simpler ; accordingly here it will not be repeated. 
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Application to V% = 0. 



47. The investigations as to the potential equation^ given in § SI, did not require 
the consideration of derivatives of a, 6, c^ /, g, h ; but the example can be used to 
indicate the method of procesding when such derivatives must be taken into accountj 
as in the preceding theory. 

For the equation 



the special subsidiary equations involving derivatives of a^ h^ c^ with regard to 
X and 2/j are 

da 



d£C 

dw 

dh 



da , dh 

p „_'d, ^ — 



"> 



dx 

^ dx 
dc 



+ 



dy 



d{i dc df 

d.x '• dx dy -^ 



dy 

dc 
dy 















J^; 



the characteristic equation is 
and the relations of identity are 



M 



j9^ + g^ + 1 ~ 



da. . 

dy ^ dnj 

dh . df 

dy ^ dAj 

dy -^ dy 



dh 

dx 

dh 

dx 

!¥ 

dx 



-Q 



dx 



-\ 



df 

d,c 

^ dx 







:- 







^ 



But the latter can be replaced by the equations of definition^ viz.j 



together with 



dx 

dm 
dx 

dn 

d'X 

dv 

d,x 






9'\' n^^ 



I + np. 



dl , 

dy '^^ 


dl _ 

dti 


dz "^ 
" "^ du 


dm -, , ^ 
dy-^'^^f"^' 


dm^ 
du 


'^ dn 


dn 

"dy = /+ "i' 


d/ii 
du """ 


dz 
dM ^ 


dv 

^ =: m 4- nq, 

dy -^ 


dv 
du 


dz 
du 



>, 



it is, indeed, from the first two columns of these equations of definition that the 
relations of identity are deduced. 
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In the subsidiary equations and in the relations of identity^ the derivatives with 

regard to x and y are framed on the supposition that u is constant. Now the 

complete solution of 

rp^ + r/^ 4- 1 === 

is giveUj by Oharpit's process, in the form 



p =:= constant^ q =^ constant. 



z 



px — qy = constantc 



But these constants arise when u is constant ; hence we may take 



z 



px — qy 



IL 



where p ^=^ p {%i) and q =^ q (u) are arbitrary functions of ti subject to the condition 

jT" + q^' + 1 = 0^ 

From the first of the three subsidiary equations^ remembering that p and q are 
now constant so far as concerns derivatives with regard to x and y, we have 



7 7 

'' (^ _ jpg) + J-- (h ^ qg) - 0^ 



dx 



dy 



so that some function iv of x, y^ u, exists such that 



Also wo have 



so that 



a 



From the last we have 



that is. 



P9 



d.w 
dy 



a + pr/ 



dx 



2a 



2h 



2 



P 



'dio 



dl 



dx dy ^ 



h 



h 



9.9 



dw dl 

dy dx 

dw dl 

ds/] dy 

dw dl 1 

d,y dx 



dw 

dx 



dl 



((', 



dAO dl 

dx dv 



^ 



J 



dw dl 



dx 



d 

dx 



(ptv — ql) + 



d 
dy 



-^ qw) =^ 0. 



so that some function 6 of x, y, u, exists such that 
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]jiD — ql 



rW 

dy 



qw -^ pi 



(W 



dx 



— 3 



or 



w 



do . de 



dy 



dx 



7 _ ^1 '^^ 
-^ dy '' dm 



Snbstitutiiisf these values above, we find 



2a^ p, q, --p 



„,M^dre 



d \3 "^ 



Zjiu 



liQ 



I 



J (I (1 \3 



1 



\ 



' ^' ^Xl ' 






>, 



{p' ^Xl 



f^ 



# 







/ 



^ 



6 denoting an arbitrary function of x, y, u. 

The second of the three subsidiary equations similarly gives 



24 



/i 



p,q,~p 



ffe (h/J '^ 



"^ 



Xd d \2 



f % / 



2/ = 



I'^'^XI 



d 



Q. 



( ? 



m 



dAJ j 
' J^djr daj j ^ 



X 



-J 



X denoting an arbitrary function of x, y, it ; and the third of the subsidiaiy equations 



ffives 



O 



9 ^{p>q, -p 



.^J^dx d"" ^ ^ 



ly 



2f- (- <1. P. <lXJ, ^ |)> 






n 



1 



r. ."Y" d dY , 



dy 



P> ? 



I 



d 



d 



dx dy 



^ 



^ 



t// denoting an arbitrary function. 

These three ai*bitrary functions are not independent of one another. Comparing 
the two values of 2/, 1g^ 24, i*espectively which have been obtained, we see that some 
function c^ of x, y, u, exists such that 
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p, a, -p 




d 



dV 



d: 



r, 



■P 




(I \^ 



?, i', 2 y f ' ij] ^ 



1//= 1, 0, 1 




d d \2 , 



do 



( 



^ 



manifestly ^ is an arbitrary function of x^ y^ ti. 

To deduce the value of v so far as concerns variations of x and y^ we have 



and 



therefore 



dx 



dv 



dfif 



V 



I + np 



p,q 




dx dy 



{6 + pi|f) 






m 4- "i^q 



P^<1 




d'X 



(x + #) 



*/ / 



d 



2uP:^+ ? 



dx 



d^<f> 



j1\ ^ ^^'<^ 

dy J \f^ dee dy 



d^ \ 






d^^dy 



d^(j) 



^ip'S + ^wis^ + ^'spl+^'W 



where thus far V is any arbitrary function of ti alone. 

48. As yet no account has been taken of derivatives with regard to u ; but the 
whole of the equations are subsidiary to the construcoion of an integral of the original 
equation. 

The part of the value of v given by V (it) can be dropped, as it has been considered 
in the earlier stage, or it can be regarded as absorbed in the other part of the value^ 
all that is necessary for this purpose being that the function (J) should have a different 
form. 

Assuming this donOj the function ^ must be such as^ first, to satisfy the equation 



dv 
du 



n 



dz 
du 



nA. 



with the preceding notation. Now 



DIFFERENTIAL EQUATIONS OF THE SEOOND ORDER. 



g 



civ 
(hi 



d 



d 



d^(j> 



d^(f> 



'^ (p i + '^ ij) \pibrk + "ifk + ^ [p' i + ^i^^' 



also 



n 



OjIIO J OfD 



we have 



' d , d \ fd^^ , d'^(b\ 



\ ''■' 



%l 



o } 



A =: 1 4" ^P^ 4" 2/^i^ 



y- ax -^ djy J 



d 



that is, A behaves as a coiiBtant with regard to the operator p 17;- + (i 
required equation will therefore be satisfied if 



dy ' 



TI 



ie 



qy . -__„- ,.j_ ^.Lm. j£jQj — " »-|— ^(/ — "-" ^^ -"T j — — ■■- ' I— I £\^^ 



fe d/u 



But it is necessary that the other three equations 



X CvO 

(J dm 



dm 



1 



In 



ai\ 



dz 



f 



ijW 



' dM du ' 



siiould also be satisfied ; that they lead to no new condition for ^ can be seen as 
follows. We have 



so that 



d? d 

•J- /-//vi^J -*- /-//i » 



ffe' 



do^d- 



'' d? ' ^ # 
■^ ^" -^ doody 



%7 1V&''^ %' 



^ b^^i^ -"P 



+ 2j3 ^p' 



X 



^ j_„_. j I . _L. . 

dx dy J \da^ dy^ 



do(^ dx dtp 



+ 2^i 



<1 



i + 



d 



dx dy^ 



+P 



d?^ 

duf dy 






dy'' 



« 1 \ -» 



2p <Z' 



+ 



rfo^ (^2/ f%' 



A25' + 2 (j9'g - p(^') 



fZi^c'^ f^;?/ ' dy'^ I 






(^7/3 



A}=.is. + (p'g^p.Zl(J|^+||)' 



On account of the equation satisfied by ^, this is equal to 



/ ji 



d 



P 



#\ 



diKr dx dy dy' j 



< 



d. . dy \ d(h , ,^ / f d , f dj \ , 
^ dx ^ dy J difj V dx ^ d/y J ^ 



r 3 
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which is equal to 



d 

cIm 



P £ + ^ 



(k 



% 
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V -TO, + 2(/ 



dA>: dy 



'Pj,M 



(P 






'u 






d 






r^~ 



<:&; 






^^l^j^ 



d.u 



and therefore 






'« 



Ac/ 






in virtue of the equation 



dr<^ 



p ~, - f- + ^/ 7-7 + 2 Ip ""- + (/ -Tp 
^ ^^c^ cm (i<:>; em \^ dx -^ dy 



dr(f) J d/(f)'^ 

diG^ 



I 1 :_-^ a- 

2 1 .-7.,Q "T 



Similarly it can be verified that 

d^n 
dib 



iz 



d'lt 



an 

diO 



C 



az 

die 



ill virtue of this equation ; therefore it is the only condition to be imposed upon 
(/^ in order that all the equations may be satisfied. 

49, Solutions of the equation a + ^ + ^ = have been given in §§ 31-38 ; it 
is not difficult to verify that they are included in the preceding general form. Thus, 

taking the solution 

v=f{u) 

and assuming that j) is, as in § 48, the function through which the term V {u) in v 
is absorbed, it is first necessary to determine ^ so that 






This equation is easily solved ; and we have 






p 



where G and H are arbitrary functions, and rj denotes px + (jy, as before. 

We have 

1 ,., X . /:> /3^G- , 9TI\ ,(3H 



d'-'(^ 

dai^ 



]r - ^ ' - Y 077- drf'^ / ' ^ dr] 



dr^ 
dxdy 

"dv^ 



X 









37/ + "^ 



3H 

07] 



7]' 
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so that 

"f" ~- dx^ '^ dif '~ ^ f ^ \dv' "^ dv'J 

X-\ <1> P' <iX.dx ' dy) "P- ^ f + ^^ \dn' + "" dv'J + ^^^? P'i' ^' 

d dV . . fM . .„ /a^G . a^H' 



^={p.^.-pXi-1^J*-i'-v+^^{w+^ 



drf 



Xlv3IlC/v3 



\-^ dx dy j 3^^ 

_ I d d \ ^2 3^H 

\;^ (^^' ^ dy ) ^ ^^ dif 

But <j?) (or, Avhat is the same thing in effect, G and H) must be such as to give 



so that 



consequently we have 



dv dz 

— — ~ 7^ — > 

dtt du 



A 



m n f {u) 



p — 2 1 A 



which are the proper values of I, m, n, connected with v =:f(u). 
Similarly for the quantities a, &, c,f, g^ K 
And if the value of H be required, it is determined by the equation 

the integration of which is immediate. 

Application to VH + k^v = 0. 

50. The integrable combinations of the subsidiary system in the case of the 
potential-equation seem fortuitously obtained. As one other illustration, added 
chiefly to show that the subsidiary system can be used in the mode indicated in § 39 
to express all the variable quantities in terms of a single quantity, we consider the 
equation V% + k^ = 0, which is 

a + & + <^ + K^'^ -- 0, 

in the notation of the present paper. 
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We have 

X = /c% Y :=:'Khn, Z -^ K^n, 

Thus the characteristic invariant equation is 

_p^ + S'^ + ^ = Oj 
from which we have, as before, 

%:=: u -^ xp (u) + yq (u), 

so that p and q are parametric for differentiations with regard to x and y. The 

three subsidiary equations are 

cT . da da , dli dq 

kH + ~-^^p^f~ J^ -j-^ q -f^ = 

dx ^ dx dy -^ dy 

o , dh df dh df 

dx dx dy d^y 

^ ^ dq do , df dc 

dx dx dy ^ dy 



and we have the equations of definition and derivation as before. 

51. One simple mode of proceeding is to use the six equations involving derivatives 
of I, m, n, with regard to x and y—they are equivalent to five independent equations 
— in order to express a, h,f, g, h, in terms of c and those derivatives. These being 

obtained in the form 

dl dn o dn 

dx -^ dx ^ ^ dx ^ 

-, dm dm , o ., dn 

. dm dn ___ dl dm 

"^ dx ^ dy ^ ^ " dy ^ dx J- l ^ 

we substitute them in the subsidiary equations. The third of the latter then 

becomes 

# d^ A ( d . d\ 

dx^- ' dy^ ' / Y dx ' ^ dy J 

the second of them, on using the first of the two values for h and also the relation 
between n and c just deduced, gives 

and the first of them, on using the second of the two values for h and also the 
relation between n and c, gives 

\dx^ dy^- ^ / V dx^ ' ^ dx dy -^ dy- ^ / 
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Let the various operators be denoted by S^, Sg, S3, say 



moreover, let 
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di/ 
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dx^' 



df 



^ d d. 



dx 



dy 



3 



PK 



qK^ V ; 



be another operator. Then from the relations between m and n, I and n, it follows 
that a function exists such that 



aud then, as 



we have 



I ™ S^%, 



m 



So®, n = So© ; 



dv 

dx 

dv 
dy 



7 . r. / d'^ ^ d^" 

:- I + np ^^(py:^'\'q 



m-^nq riz 2 ( jj 



dx^ 
d} 



dx dy 



6p 

+ q T-r 1 @ 



>, 



d^dy ^ dy 



.J 



V — 2[p'^+ q -^ @ = 2S(H). 



dx 



dy / 



From the relation between n and c, we have 



or, if © = Siv, then 



2Sc = Son = 80^©, 



2c =-' S^ho, 



We thus have, from the foregoing relations, the results 



V ' 


- 2hho ^ 


I: 


SSiW 


m • 


hSc^iu 


n . 


—• SSgW 


c 


- 4^3%^ J 



> 



The values of a, h,f, g, h, can be obtained by using these values of I, m, n, c, and 
we find 
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a - 


= is> -^ 


h^ 


= iSiSjio 


b = 


= is.> ; 


9 = 


- iSi^s^ 


f- 


= \Z^Z^w J 



> 



AH these forms correspond to the respective expressions obtained in § 47 for the 
potential-equation. 

52. Account must now be taken of derivatives with regard to u, and the equations 

to be satisfied are 

1 dv 1 dl 1 dm 1 dn dz 



n dib 



g a 



u 



f du 



c dib 



d%b 



Taking the first, we have 



dz 
du 



1 •+■ x'(} + y(i = A 



so that the equation is to be 



dv 



cm 



nb. — ASSgt^;^ 



Now, denoting 






dx 



dy 



and so for 8/, Sg' — viz., h{ is the same as S^ except that 'p and q replace jp and g, and 



so for he! — we have 



and therefor 



Now 



so that 



du du ^ ' 



2g3 ^--1 - j^ 4S8'2^ ; 
du 



dw 



2g2 __^ j^ ^hh'w •=■ ishhoiv 



du 



SA ^ pp' + qq ^ 0, 

8 {bh^io) =^ ASSgic', 



Hence the equation in w will be satisfied if 



28 ^ + AB\o 

du 



AS^iv 



the condition that we may have 



dz 



dv 

du djU 
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But now, operating on this equation with S^, we have 



The left-hand side is 



28 7^ + 4:8^ w 

flu 



8^{^8^iv) 



28Si ;^ + ^^%^ --= 28Si — + 2.^\w + 2S/8ty + 2 (8^8^ -- 8/8) o> 

d 



du 



{2hZ^w} +2(8'8i - 8/8) ?i;. 



dl 
The first term is 2 — ; the second, on reduction, gives 



d 

and therefore the left-hand, side is 

The right-hand side, viz., 8^ {^S^-^w), becomes on expansion and reduction 

A8i83^/; + 2 {pq -~- pq') -^^ S.^iv = A2g + 2 {loq - pq') -j- S^tv, 

Hence, in virtue of the above equation, we have 



dl d: 



du ^ dv, ' 

Similarly we find 

dm _^ d..z dn dz 

du '• du^ clib "^ dvu ' 
and therefore the equation determining %d is 



/Y'TAJ 



that is, 



d^-w dho ,dw . ^ ,dia i ,^ , , , ,, fdhu d^w , 

P'd^lu + ^^. + 2i^ ^ + 23 Sy = i(l + ^2^ + ^2) (^J + ^ + K% 

When a solution of this equation is obtained, a solution of the equation for v can 
be constructed, and conversely. In particular, the identification of any solution of 
the ^?-equation, as being included in the general solution, can be made as in 
former cases. 
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[Note. — Added 17th March, 1898. As indicated in the introductory remarks, 
the theory given in this paper is applicable when the number of independent 
variables is greater than two, and when the order of the differential equation is 
higher than the first) ; its application is not restricted to the case of an equation of 
the second order in three independent variables, 

A brief sketch of the theory for an equation of order m in n independent variables 
is prefixed to a paper^^ which contains the integration of some differential equations 
of types represented by 

9 3 3 3 \^^^ 

^ + -^1 ^ + '"^S PT +'•»«• » + ^'n^l ST ) U =: 0, 
COC-i UtX/g U'lLo (JXfiJ 

when the iteration of the differential operator is purely symbolical 



^ " On some Differential Equations in tlie Theory of Symmetrical Algebra," Oamb. Phil. Trans., 
vol. xvi. (1898), pp. 291-325. 



